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Abstract. The BRST transformations for gravity with torsion including Weyl symmetry are
discussed by using the so-called Maurer-Cartan horizontality conditions. Also the coupling of
scalar matter fields to gravity is incorporated in this analysis. With the help of an operator δ
which allows to decompose the exterior space-time derivative as a BRST commutator we solve the
Wess-Zumino consistency condition corresponding to invariant Lagrangians and anomalies for the
cases with and without Weyl symmetry.
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1
1 Introduction
In the discussion of the unification of all fundamental interactions, gauge field theories play
a central role. Electroweak theory and quantum chromodynamic (QCD) are examples of
Yang-Mills gauge theories [1, 2] associated with non-abelian Lie groups. In that way gravity
is introduced as a gauge theory which is associated with local Lorentz invariance [3].
The symmetry content of a field theoretic model is usually described by Ward identities
(WI) leading to functional differential equations for the various Green’s functions gener-
ated by the corresponding generating functionals [4, 5]. Sometimes, the transition from the
classical to the quantized level modifies these Ward identities by non-trivial contributions
(anomalies), expressing the fact, that the original symmetry of the classical model is broken
at the quantum level.
An anomaly is usually defined as the gauge variation of the connected vacuum functional
in the presence of external gauge fields. When an anomaly occurs, this variation does not
vanish and the vacuum functional is not gauge invariant.
The most famous anomaly is the Adler-Bell-Jackiw (ABJ) anomaly [6, 7, 8] which de-
scribes the breaking term in the axial vector current divergence equation. This anomaly is
needed to discuss successfully the π0 → 2γ decay.
In connection with conformal field theories of gravity, Weyl anomalies are of great interest.
It is well-known that due to the existence of Weyl anomalies the Weyl symmetry, which is
valid at the classical level, is broken in the presence of quantum corrections. It is apparent
that in the discussion about the quantum conformal structure of a theory one needs the
identification of all the Weyl anomalies [9, 10] and Weyl invariants in arbitrary space-time
dimensions.
Therefore, in order to discuss anomalies one needs a tool for a characterization. This may
be achieved in a very compact manner with the help of the Wess-Zumino (WZ) consitency
condition [11] in the context of the Becchi-Rouet-Stora-Tyupin (BRST) formalism [12]. This
BRST scheme is an elegant and powerful instrument for the consistent discussion of gauge
symmetries in quantum field theory, and in addition this concept is available for a large class
of gauge field models whose classical symmetries have an algebra which closes. In particular
this BRST formalism allows to characterize the classical action and possible anomalies as
BRST invariant local functionals of the basic fields.
In order to describe the general procedure applicable to any gauge field model one starts
with the one-particle-irreducible (1PI) vertex functional given by
Γ(φcl) =
∞∑
n=2
1
n!
∫
dx1...dxnφcl(x1)...φcl(xn)〈0|T (φ(x1)...φ(xn))|0〉1PI , (1.1)
where 〈0|T (φ(x1)...φ(xn))|0〉1PI denotes the vacuum expectation value of the quantum fields
φ(x). The classical sources φcl are test functions for the functional (1.1). In perturbation
theory one can make a loop expansion for Γ(φcl), i.e. the vertex functional can be written
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as a formal power series in h¯:
Γ(φcl) =
∞∑
n=0
h¯nΓ(n)(φcl) . (1.2)
At the classical level, in the so-called tree approximation, one gets
Γ(0)(φcl) =
∞∑
n=2
1
n!
∫
dx1...dxnφcl(x1)...φcl(xn)〈0|T (φ(x1)...φ(xn))|0〉1PItree = Γcl(φcl) , (1.3)
where 〈0|T (φ(x1)...φ(xn))|0〉1PItree collects now all possible tree graphs, i.e. graphs without
radiative corrections. In this approximation the zero-loop order corresponds to the classical
action. In order to simplify notation one substitutes φcl → φ in the functionals (1.1) and
(1.3).
For the discussion of the symmetry content of the field model one introduces the Ward
identity operator Ws in its global form
Ws =
∫
dNx δsφ(x)
δ
δφ(x)
, (1.4)
belonging to an arbitrary infinitesimal symmetry transformation δsφ(x) characterized by a
local parametric function ε(x)
δsφ(x) = ε(x)P(φ) , (1.5)
whereby for general reason P(φ) may be linear or non-linear in φ. Applying the WI-operator
(1.4) to (1.3) one gets, for the case that (1.5) is a symmetry of the model, the following global
WI:
WsΓcl(φ) = 0 . (1.6)
The corresponding local WI may be obtained from (1.6) by functional differentiation with
respect to ε(x).
The presence of radiative corrections is now governed by the renormalized action princi-
ple [13, 14] leading in general to a modified WI for the full vertex functional (1.2)
WsΓ(φ) = ∆ · Γ(φ) = h¯∆(φ) +O(h¯2) , (1.7)
where ∆ is an integrated well-defined quantum insertion of definite dimensions [13, 14] and
∆(φ) is an integrated local polynomial in the fields and their derivatives. For the search of
anomalies it is enough to limit ourselves to the one-loop order.
Following the general procedure for the discussion of non-invariant counterterms an
anomaly occurs if the correction ∆ cannot be expressed as a variation of the underlying
symmetry and therefore it is not possible to absorb ∆(φ) by an appropriate counterterm in
order to get
WsΓ̂(φ) = 0 . (1.8)
To clarify this point, we assume that ∆(φ) can be written as
∆(φ) = a(φ) +Wsb(φ) , (1.9)
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where a(φ) and b(φ) are integrated local polynomials and where a(φ) cannot be expressed as
Wsâ(φ) for any integrated local polynomial â(φ). The second term in (1.9) can be absorbed
in a redefined Γ̂(φ), but the first term leads to an anomaly
WsΓ̂(φ) = Ws(Γ(φ)− h¯b(φ)) = h¯a(φ) . (1.10)
The use of the BRST scheme demands now that the given symmetry is converted into
a BRST symmetry. This can be achieved by replacing the infinitesimal parametric func-
tions ε(x) by anticommuting ghost fields c(x) with ghost number one, which leads to a
nilpotent symmetry operator, the so-called BRST operator s. The search of BRST invari-
ant Lagrangians and possible anomalies is then reduced to solve the following cohomology
problem
sa = 0 , a 6= sâ , (1.11)
where s is the nilpotent BRST operator and a is the breaking term of eq.(1.10). In particular,
the BRST formalism allows now to characterize classical actions and anomalies as BRST
invariant functionals. Especially, an action is a BRST invariant functional with ghost number
zero while an anomaly corresponds to a BRST invariant functional with ghost number one.
Eq.(1.11) is now the Wess-Zumino consistency relation within the BRST formalism and
restricts strongly the possible solutions of a. For further need we are using the concepts of
differential forms, where d denotes the exterior space-time derivative d = dxµ∂µ and where
a is described by an integrated volume form (N -form) in N space-time dimension
a =
∫
A , (1.12)
with A local polynomial. The condition (1.11) implies the following local equation
sA+ dQ = 0 , (1.13)
where Q is some local polynomial. The exterior space-time derivative d and the BRST
operator s fulfill
s2 = d2 = sd+ ds = 0 . (1.14)
A is said non-trivial if
A 6= sAˆ+ dQˆ , (1.15)
with Aˆ and Qˆ local polynomials. In this case the integral of A on space-time, ∫ A, identifies a
cohomology class of the BRST operator s and, according to its ghost number, it corresponds
to an invariant Lagrangian (ghost number zero) or to an anomaly (ghost number one).
The local equation (1.13), due to the relations (1.14) and to the familiar algebraic
Poincare´ Lemma [15, 16]
dΩ = 0 ⇐⇒ Ω = dΩ̂ + dNx L+ const , (1.16)
is easily seen to generate a tower of descent equations
sQ+ dQ1 = 0 ,
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sQ1 + dQ2 = 0 ,
sQ2 + dQ3 = 0 ,
.....
.....
sQk−1 + dQk = 0 ,
sQk = 0 , (1.17)
with Qi local field polynomials. The index i describes the grading of the local polynomials
Qi (see Section 3).
As it has been well-known for several years, these equations can be solved by using a
transgression procedure based on the so-called Russian formula [17, 18, 19, 20, 21, 22, 23,
24, 25]. More recently an alternative way of finding non-trivial solutions of the ladder (1.17)
has been proposed by S.P. Sorella and has been successfully applied to the study of the
Yang-Mills gauge anomalies [26]. The method is based on the introduction of an operator δ
which allows the expression of the exterior derivative d as a BRST commutator, i.e.:
d = −[s, δ] . (1.18)
One easily verifies that, once the decomposition (1.18) has been found, successive applications
of the operator δ on the polynomial Qk which solves the last equation of the tower (1.17)
give an explicit non-trivial solution for the higher cocycles Qk−1, .....,Q1,Q, and A.
Actually, the decomposition (1.18) represents one of the most interesting features of the
topological field theories [27, 28] and of the bosonic string and superstring in the Beltrami and
Super-Beltrami parametrization [29]. A remarkable fact is also that solving the last equation
of the tower (1.17) is a problem of local BRST cohomology instead of a modulo-d one. One
sees then that, due to the operator δ, the study of the cohomology of s modulo d is essentially
reduced to the study of the local cohomology of s which, in turn, can be systematically
analyzed by using the powerful technique of the spectral sequences [30]. Actually, as proven
in [31], the solutions obtained by utilizing the decomposition (1.18) turn out to be completely
equivalent to that based on the Russian formula, i.e. they differ only by trivial cocycles.
The aim of this work is twofold. In a first step it will be demonstrated that the de-
composition (1.18) can be successfully applied to gravity including local Lorentz rotations,
diffeomorphisms, and Weyl transformations, and that it holds also in the presence of torsion.
In the second step, we will see that the operator δ gives an elegant and straightforward way
of classifying the cohomology classes of the full BRST operator in any space-time dimension.
In particular, the eq.(1.18) will allow for a cohomological interpretation of the cosmological
constant, of Lagrangians for pure Einstein gravity and generalizations including also torsion.
Additionally, Chern-Simons terms, gravitational and Weyl anomalies are considered. The
last point is devoted to the discussion of the coupling of a scalar matter field to gravity with
and without Weyl symmetry.
This work is a continuation of a previous one [32], where the decomposition (1.18) was
shown to hold in the case of pure Lorentz transformations involving only the Lorentz con-
nection ω and the Riemann tensor R and without taking into account the explicit presence
of the vielbein e and of the torsion T . More recently the decomposition (1.18) was used to
investigate the cohomological problem of gravity with torsion [33].
The further analysis is based on the geometrical formalism introduced by L. Baulieu and
J. Thierry-Mieg [18, 20] which allows to reinterpret the BRST transformations as Maurer-
Cartan horizontality conditions. In particular, this formalism turns out to be very useful
in the case of gravity [18, 20], since it naturally includes the torsion. In addition, it allows
to formulate the diffeomorphism transformations as local translations in the tangent space
by means of the introduction of the ghost field ηa = ξµeaµ where ξ
µ denotes the usual
diffeomorphism ghost and eaµ is the vielbein.
We recall also that the BRST formulation of gravity with torsion has already been pro-
posed by [34, 35] in order to study the quantum aspects of gravity. In particular, the authors
of [35] discussed a four dimensional torsion Lagrangian, with GL(4, R) as the gauge group,
which is able to reproduce the Einstein gravity in the low energy limit. These BRST trans-
formations could be taken as the starting point for a purely cohomological algebraic analysis
without any reference to a particular Lagrangian. Furthermore, our choice of adopting the
Maurer-Cartan formalism is due to the fact that when combined with the introduction of
the translation ghost ηa it will give us the possibility of a fully tangent space formulation of
gravity.
This step, as we shall see in details, will allow to introduce the decomposition (1.18)
in a very simple way and will produce an elegant and compact formula (see Section 5) for
expressing the whole solution of the BRST descent equations, our aim is that of giving a
cohomological interpretation of the gravitational Lagrangians and of the anomalies in any
space-time dimension with and without Weyl symmetry. Moreover, the explicit presence of
the torsion T and of the translation ghost ηa gives the possibility of introducing an algebraic
BRST setup which turns out to be different from that obtained from the analysis of Brandt
et al. [25], where similar techniques have been used.
Finally, we stress that the main purposes of the present work are dedicated on one hand to
discuss the solutions of the local gravitational cohomology problem without Weyl symmetry
sa(e, ω, R, T ) = 0 , (1.19)
and on the other hand to find solutions of the full local cohomology problem including Weyl
symmetry
sa(e, ω, A,R, T, F ) = 0 , (1.20)
where the vielbein field e, the Lorentz connection ω, the abelian Weyl gauge field A, the
Riemann tensor R, the torsion T , and the Weyl curvature F are treated as unquantized
classical fields, as done in [32], which when coupled to some matter fields (scalars or fermions)
give rise to an effective action whose quantum expansion reduces to the one-loop order.
The work is organized as follows: In the several parts of Section 2 we briefly mention
some basic elements, respectively in Section 2.1 gravity with torsion, in Section 2.2 Weyl
transformations, in Section 2.3 the powerful BRST formalism, and finally in Section 2.4 the
elegant technique of differential forms. After this, we will introduce in Section 3 the so-called
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Maurer-Cartan horizontality conditions for gravity with torsion, for Weyl transformations,
and for scalar matter fields. In particular, in Section 3.3 the BRST transformations for lo-
cal Lorentz rotations, diffeomorphisms, and Weyl transformations are derived in a complete
tangent space formalism. In Section 4 the operator δ is introduced and we show how it can
be used to solve the descent equations (1.17). Section 5 is dedicated to the study of some
explicit examples, like the cosmological constant, the Einstein and the generalized torsion
Lagrangians as well as the Chern-Simons terms, the gravitational and Weyl anomalies, and
the matter field Lagrangians. Section 6 deals with the geometrical meaning of the decompo-
sition (1.18) and some detailed calculations can be found in the final appendices, respectively
important commutator relations in the tangent space and the determinant of the vielbein in
connection with the ε tensor.
2 Basic elements
2.1 Gravitational fields
It is well-known that the gauge transformations associated with gravity are general co-
ordinate transformations or diffeomorphisms, i.e. arbitrary reparametrizations of the N -
dimensional space-time, and local Lorentz rotations in a tangent space of dimension N 2. A
diffeomorphism can be written as
xµ → x¯µ = xµ + ξµ(x) , (2.1)
where ξµ(x) is an infinitesimal parameter of the general coordinate transformation. A scalar
field ϕ(x) has the property
ϕ¯(x¯) = ϕ(x) , (2.2)
and can be expanded over a point x as follows:
ϕ(x¯) = ϕ(x+ ξ(x)) = ϕ(x) + ξµ(x)∂µϕ(x) +O(ξ)2 . (2.3)
From eqs.(2.2) and (2.3) one can read off the transformation of a scalar field under general
coordinate transformations or diffeomorphisms
δDϕ = ϕ(x)− ϕ(x¯) = −ξµ∂µϕ = Lξϕ , (2.4)
where Lξ denotes the Lie derivative [36]. A covariant (contravariant) vector field Vµ (V µ)
transforms under diffeomorphisms as
δDVµ = −ξλ∂λVµ − (∂µξλ)Vλ = LξVµ ,
δDV
µ = −ξλ∂λV µ + (∂λξµ)V λ = LξV µ , (2.5)
and analogous for tensors of higher ranks.
2As usual, Latin and Greek indices refer to the tangent space and to the euclidean space-time. Both the
world indices and the local Lorentz indices take values from 1 to N .
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Now we consider local Lorentz rotations in the tangent space which act on the fields
according to
φ(x)→ φ(x) + 1
2
ǫab(x)Mabφ(x) , (2.6)
where Mab are the generators of the local Lorentz rotation group SO(N) in N dimensions
in the representation appropriate to the field φ(x) and ǫab are the infinitesimal parameters
of the transformation. The generators Mab and parameters ǫ
ab are antisymmetric in (ab)
Mab = −Mba , ǫab = −ǫba . (2.7)
An antihermitian representation of the generators Mab is given by
(Mab)
c
d = δ
c
aηbd − δcbηad , (2.8)
which satisfies the commutator algebra
[Mab,Mcd] = −ηacMbd + ηadMbc + ηbcMad − ηbdMac . (2.9)
With the help of eq.(2.8) follows from eq.(2.6) the transformation of a contravariant tangent
space vector field V a under local Lorentz rotations
δLV
a =
1
2
ǫmn(Mmn)
a
bV
b
=
1
2
ǫmn(δamηnb − δanηmb)V b
= ǫabV
b , (2.10)
and analogous for a covariant vector field Va
δLVa = ǫ
b
a Vb . (2.11)
Remark that a scalar field ϕ has no tangent space index and therefore does not transform
under local Lorentz rotations
δLϕ = 0 . (2.12)
Now one can define a Lorentz covariant derivative Dµ by introducing a gauge field as-
sociated with the local Lorentz rotations (2.6) which is called the Lorentz connection field
ωabµ
Dµφ = ∂µφ+
1
2
ωabµMabφ , (2.13)
The covariant derivative transforms according to eq.(2.6) as
δL(Dµφ) =
1
2
ǫabMab(Dµφ) , (2.14)
which determines with eq.(2.9) the transformation property of the Lorentz connection field
under local Lorentz rotations
δLω
ab
µ = −∂µǫab − ωacµǫcb + ωbcµǫca . (2.15)
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Remark that the Lorentz connection field ωabµ carries both world and tangent space in-
dices. The presence of a world index is characteristic for gauge fields, since these fields
are introduced in order to compensate for the effects caused by the local gauge invariance
transformations.
Up to now the derivative (2.13) is covariant under local Lorentz rotations but not co-
variant under diffeomorphisms. In other words the variation of Dµφ does not only depend
on the parameters ξµ(x) taken at the same space-time point, but it also depends on their
values at neighbouring points. This is reflected in the presence of a derivative of ξµ(x) in
the transformation law
δ(Dµφ) =
1
2
ǫabMab(Dµφ)− ξν∂ν(Dµφ)− (∂µξν)(Dνφ) , (2.16)
with
δ = δD + δL . (2.17)
From eqs.(2.15) and (2.16) one gets the transformation of the Lorentz connection field ωabµ
under diffeomorphisms
δDω
ab
µ = −ξν∂νωabµ − (∂µξν)ωabν , (2.18)
which is the usual transformation law of a covariant vector field under general coordinate
transformations (2.5). To remove ∂µξ
ν in the transformation rule (2.16) one introduces
another field whose variation can compensate for the undesired term. Since Dµφ still carries
a world index the new type of field should convert world indices into local Lorentz indices.
This leads to the introduction of the field Eµa , which can be used to define a fully covariant
derivative Daφ in the following way
Daφ = E
µ
aDµφ . (2.19)
This derivative no longer carries a world index and transforms therefore as a vector field
under local Lorentz rotations and as a scalar field under diffeomorphisms
δ(Daφ) = −ξµ∂µ(Daφ) + ǫ ba (Dbφ)
= −ξµ∂µ(Daφ) + 1
2
ǫmn(Mmn)
b
a (Dbφ) , (2.20)
which determines the transformation behaviour of Eµa under diffeomorphisms and local
Lorentz rotations
δEµa = ǫ
b
a E
µ
b − ξλ∂λEµa + (∂λξµ)Eλa . (2.21)
The field Eµa not only may be regarded as the gauge field of general coordinate transforma-
tions but also may be seen in a geometric context. Namely the N contravariant vector fields
Eµa specify the basis vectors of the linear tangent space at each point of a N -dimensional
Riemannian space-time manifold. This implies that Eµa is non-singular and has an inverse
eaµ defined by
eaµE
µ
b = δ
a
b ,
eaνE
µ
a = δ
µ
ν . (2.22)
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The standard nomenclature is to call eaµ the vielbein field and E
µ
a the inverse vielbein field.
Under diffeomorphisms and local Lorentz rotations the vielbein field transforms as
δeaµ = ǫ
a
be
b
µ − ξλ∂λeaµ − (∂µξλ)eaλ . (2.23)
In this context the group of local Lorentz rotations is called the structure group or tangent
space group, which rotates the local tangent space frame. The existence of the vielbein field
allows the introduction of a covariant metric tensor on the Riemannian space-time manifold
which is symmetric
gµν(x) = e
a
µ(x)e
b
ν(x)ηab = gνµ(x) , (2.24)
where ηab is a Lorentz invariant tensor, which can be used for local measurements of distances
and angles in space-time.
As usual one extends the concept of covariance under diffeomorphisms and local Lorentz
rotations to quantities that carry world indices. The construction of a covariant derivative
Dµ for world covariant vector fields Xµ is straightforward. By using the inverse vielbein field
one convert the world indices to tangent space indices, then apply the covariant derivative
(2.13), and with the help of the vielbein field one reconvert the Lorentz indices into world
indices. Hence one has
DµXν = eaνDµ(EρaXρ) ,
DµXν = EνaDµ(eaρXρ) . (2.25)
The same argument can be applied to define covariant derivatives acting directly on world
tensors. Eqs.(2.25) can be rewritten in the form
DµXν = DµXν − Γ ρµν Xρ ,
DµXν = DµXν + Γ νµρ Xρ , (2.26)
with the so-called affine connection Γ ρµν defined by
Γ ρµν = −eaνDµEρa = (Dµeaν)Eρa . (2.27)
Note, that the covariant derivatives in (2.26) and the affine connection contain the Lorentz
connection field ωabµ. The representation (2.27) for the affine connection satisfies the metric
postulate, which asserts that the metric and thus the vielbein field is covariantly constant.
Indeed it is straightforward to verify that (2.27) is equivalent to
Dµeaν = 0 . (2.28)
The affine and Lorentz connection fields are therefore not independent; furthermore it is
easy to show with eq.(2.24) that
Dµgνρ = 0 , (2.29)
from which one deduces that the affine connection must satisfy following identity
Γ σµν gσρ + Γ
σ
µρ gνσ = ∂µgνρ . (2.30)
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The so-called curvature or Riemann tensor R and torsion tensor T are found by using the
Ricci identity [36], which relates these tensors to commutators of covariant derivatives
[Dm, Dn] ≡ 1
2
Rabmn(ω)Mab − T amn(e, ω)Da . (2.31)
Evaluation of the left-hand side of eq.(2.31) shows that the Riemann tensor of the local
Lorentz rotations and the torsion tensor are given by
Rabµν(ω) = ∂µω
ab
ν − ∂νωabµ + ωacµωcbν − ωacνωcbµ , (2.32)
T aµν(e, ω) = Dµe
a
ν −Dνeaµ . (2.33)
According to eq.(2.28) and the definition (2.33) the torsion tensor T corresponds to the
antisymmetric part of the affine connection
Γ ρµν − Γ ρνµ = EρaT aµν . (2.34)
Alternatively one may also compute the Ricci identity for covariant derivatives (2.26) applied
on a world vector
[Dµ,Dν ]Xρ ≡ 1
2
RabµνMabXρ − T τµνDτXρ − RσρµνXσ . (2.35)
With the relation
[Dµ, Dν ] =
1
2
RabµνMab , (2.36)
and eq.(2.34) one obtains the curvature tensor
Rσρµν(Γ) = ∂µΓ
σ
νρ − ∂νΓ σµρ + Γ τµρ Γ σντ − Γ τνρ Γ σµτ . (2.37)
Remark that, however, R(Γ) is not an independent object. By evaluating
D[µDν]eaρ = DµDνeaρ −DνDµeaρ = 0 , (2.38)
one verifies that
Rσρµν = R
a
bµνe
b
ρE
σ
a . (2.39)
Taking cyclic permutations of the triple commutator of covariant derivatives, which satisfies
the Jacobi identity
[Dµ, [Dν , Dρ]] + [Dν , [Dρ, Dµ]] + [Dρ, [Dµ, Dν ]] = 0 , (2.40)
and taking cyclic permutations of the covariant derivative applied on the definition of the
torsion (2.33)
D[µT
a
νρ] = D[µDνe
a
ρ] , (2.41)
yields the well-known Bianchi identities
D[µR
ab
νρ] = 0 , (2.42)
D[µT
a
νρ] = R
a
b[µνe
b
ρ] . (2.43)
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The combination of (2.30) and (2.34) now fully determines the affine connection in terms of
the metric field and the torsion tensor
Γ ρµν = {ρµν}+ EρaeνbKabµ , (2.44)
where {ρµν} denoting the Christoffel symbol which is symmetric in (µν)
{ρµν} =
1
2
gρσ(∂µgνσ + ∂νgµσ − ∂σgµν) , (2.45)
and Kabµ the contorsion tensor which is antisymmetric in (ab)
Kabµ =
1
2
EaρEνb(T cµνeρc + T
c
ρµeνc − T cνρeµc) . (2.46)
The value of the Lorentz connection field corresponding to eq.(2.44) is
ωabµ = ω
ab
µ(e) +K
ab
µ , (2.47)
with
ωabµ(e) =
1
2
ecµ(−Ωabc + Ωb ac + Ω abc ) , (2.48)
and Ωabc the coefficients of anholonomity which measures the non-commutativity of the
vielbein basis
Ω cab = E
µ
aE
ν
b (∂µe
c
ν − ∂νecµ) . (2.49)
In the absence of torsion the Bianchi identitiy (2.43) takes the simple form
Rab[µνeρ]b = 0 . (2.50)
In this case the Lorentz connection field ωabµ is given by eq.(2.48)
ωabµ = ω
ab
µ(e) , (2.51)
and the affine connection Γ ρµν is nothing but the Christoffel symbol
Γ ρµν = {ρµν} . (2.52)
This implies the symmetry of the Riemann tensor under cyclic permutations of the indices
Rσρµν +Rσµνρ +Rσνρµ = 0 , (2.53)
and the pair exchange symmetry of the Riemann tensor
Rσρµν = Rµνσρ . (2.54)
By contracting the Riemann tensor one can construct two further objects, the Ricci tensor
Raµ
Raµ = R
ab
µνE
ν
b , (2.55)
which is in the case of vanishing torsion symmetric
Raµ = R
a
µ , (2.56)
and the Riemann scalar or curvature scalar R
R = RaµE
µ
a = R
ab
µνE
µ
aE
ν
b . (2.57)
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2.2 Weyl transformations
In this section we will introduce the familiar Weyl transformations and the connection to
diffeomorphisms and local Lorentz rotations. A local Weyl transformation [37] is a local
rescaling of the metric field gµν according to
gµν(x)→ eW(gµν)Ω(x)gµν(x) , (2.58)
where W(gµν) is the so-called Weyl weight of the metric tensor and Ω(x) is the parameter
for the Weyl transformation. As usual, the Weyl weight for the metric tensor gµν is fixed to
the value two
W(gµν) = 2 . (2.59)
The infinitesimal transformation is then given by
δW gµν = 2Ωgµν , (2.60)
and analogous for an arbitrary field φ, with an appropriate Weyl weight, one has
δWφ =W(φ)Ωφ . (2.61)
The determinant of the metric field, defined as
g = det(gµν) , (2.62)
has now the Weyl weight
W(g) = 2N , (2.63)
where N denotes the space-time dimension. From eq.(2.24) one can read off the following
identity for the determinant of the vielbein field eaµ
e =
√
g , e = det(eaµ) , (2.64)
which implies the Weyl weight for the determinant of the vielbein field
W(e) = N . (2.65)
With this setup the Weyl weights for the following basic fields are then fixed to
W(eaµ) = +1 ,
W(Eµa ) = −1 ,
W(gµν) = +2 ,
W(gµν) = −2 , (2.66)
and the corresponding Weyl transformations are given by
δWe
a
µ = Ωe
a
µ ,
δWE
µ
a = −ΩEµa ,
δW gµν = 2Ωgµν ,
δW g
µν = −2Ωgµν , (2.67)
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respectively
δW e = δW
√
g = NΩ
√
g . (2.68)
Remark that the Weyl weights are additive. The standard procedure to find the Weyl weight
for a scalar field ϕ is to assume, that the action of a scalar field should have Weyl weight
zero under a global Weyl transformation. From
Γ =
1
2
∫
dNx
√
ggµν∂µϕ∂νϕ , (2.69)
one gets therefore the Weyl weight for a scalar field
W(ϕ) = −N − 2
2
, (2.70)
and the Weyl transformation of a scalar field
δWϕ = −N − 2
2
Ωϕ . (2.71)
Remark also that the partial derivative ∂µ and the flat metric ηab have Weyl weights zero.
The Weyl transformations for the remaining fields are determined by the definitions of the
Riemann tensor (2.32) and the torsion (2.33) and are given by
δWω
ab
µ = 0 ,
δWT
a
µν = ΩT
a
µν ,
δWR
ab
µν = 0 . (2.72)
However, the action of the scalar field (2.69) is not generally Weyl invariant under a local
infinitesimal Weyl transformation. Only in two space-time dimensions one can find a Weyl
invariance:
δWΓ =
1
2
δW
∫
dNx
√
ggµν∂µϕ∂νϕ
= −(N − 2
2
)
∫
dNx
√
ggµν(∂µΩ)ϕ∂νϕ . (2.73)
In order to keep the Weyl invariance in arbitrary space-time dimensions we introduce a gauge
field Aµ for the Weyl transformations and the corresponding Weyl covariant derivative
∇µφ = ∂µφ+W(φ)Aµφ . (2.74)
As usual, the covariant derivative of a field φ should transform as the field φ (see eq.(2.61))
δW (∇µφ) =W(φ)Ω(∇µφ) , (2.75)
which implies the proper transformation of the Weyl gauge field
δWAµ = −∂µΩ . (2.76)
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The correct Weyl invariant scalar field action can be found by replacing the partial derivative
∂µ in (2.69) by the Weyl covariant derivative (2.74):
Γ =
1
2
∫
dNx
√
ggµν∇µϕ∇νϕ . (2.77)
Now one can easily proof that the action (2.77) is Weyl invariant in any space-time dimension.
From (2.77) follows
δWΓ =
1
2
δW
∫
dNx
√
ggµν∇µϕ∇νϕ
=
1
2
∫
dNx[(δW
√
ggµν)∇µϕ∇νϕ+ 2√ggµν(δW∇µϕ)∇νϕ] , (2.78)
which leads with the help of (2.67),(2.68) and (2.75) to the invariance of the action:
δWΓ = 0 . (2.79)
We remark that in the case of gravity with vanishing torsion exists a second possibility
to construct a Weyl invariant scalar field action without using the Weyl gauge field [38]:
Γ =
1
2
∫
dNx
√
g[gµν∂µϕ∂νϕ+ αRϕ
2] , (2.80)
with the coupling constant
α =
1
4
N − 2
N − 1 . (2.81)
The Weyl transformation of the Riemann scalar R for vanishing torsion is given by
δWR = −2ΩR + 2(N − 1)✷Ω . (2.82)
Now it is straightforward to check that (2.80) is Weyl invariant. But in the presence of
torsion the Weyl transformation of the Riemann scalar R is changed according to
δWR = −2ΩR , (2.83)
and the action (2.80) is no more Weyl invariant!
The commutator of two covariant derivatives is related to the Weyl field strength
[∇µ,∇ν ]φ =W(φ)Fµνφ . (2.84)
The corresponding Weyl curvature Fµν is then given by
Fµν = ∂µAν − ∂νAµ , (2.85)
which is invariant under Weyl transformations
δWFµν = 0 , (2.86)
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and obeys the Bianchi identity for the Weyl curvature
∂[µFνρ] = 0 . (2.87)
In order to incorporate also Weyl transformations with diffeomorphisms and local Lorentz
rotations one introduces the following covariant derivative
Dµ = ∂µ +
1
2
ωabµMab +WAµ . (2.88)
The composition of the symmetry transformations, i.e. diffeomorphisms, local Lorentz rota-
tions, and Weyl transformations, is done by
δ = δD + δL + δW , (2.89)
which leads to the following set of transformations for the basic fields
δϕ = −ξλ∂λϕ− N − 2
2
Ωϕ ,
δeaµ = ǫ
a
be
b
µ − ξλ∂λeaµ − (∂µξλ)eaλ + Ωeaµ ,
δωabµ = −∂µǫab + ǫacωcbµ − ǫcbωacµ − ξλ∂λωabµ − (∂µξλ)ωabλ ,
δAµ = −ξλ∂λAµ − (∂µξλ)Aλ − ∂µΩ ,
δT aµν = ǫ
a
bT
b
µν − ξλ∂λT aµν − (∂µξλ)T aλν − (∂νξλ)T aµλ + ΩT aµν ,
δRabµν = ǫ
a
cR
c
bµν − ǫcbRacµν − ξλ∂λRabµν − (∂µξλ)Rabλν − (∂νξλ)Rabµλ ,
δFµν = −ξλ∂λFµν − (∂µξλ)Fλν − (∂νξλ)Fµλ . (2.90)
The commutators of the covariant derivatives (2.31) and (2.36) can be generalized to
[Dµ,Dν]φ =
1
2
RabµνMabφ+W(φ)Fµνφ ,
(2.91)
and
[Dm,Dn]φ =
1
2
RabmnMabφ+W(φ)Fmnφ− T amnDaφ , (2.92)
where the Riemann tensor Rabµν , given by eq.(2.32), and the Weyl curvature Fµν , given
by eq.(2.85), are unchanged, but the torsion tensor field T aµν is now modified, due to the
including of Weyl transformations, according to
T aµν = Dµe
a
ν −Dνeaµ ,
= ∇µeaν −∇νeaµ + ωabµebν − ωabνebµ ,
= ∂µe
a
ν − ∂νeaµ + ωabµebν − ωabνebµ + Aµeaν − Aνeaµ . (2.93)
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2.3 BRST transformations
The BRST formalism is an elegant and powerful tool for the consistent describtion of gauge
symmetries in quantum field theory. The standard procedure is to substitute the infinitesi-
mal parameters of the several symmetry transformations eqs.(2.1), (2.6),(2.58) for the cor-
responding anticommuting Faddeev-Popov ghosts
ξµ → ξµ ,
ǫab → θab ,
Ω → σ , (2.94)
where ξµ, θab, and σ denoting the diffeomorphism ghost3, the Lorentz ghost, and the Weyl
ghost. From the antisymmetry of the parameter ǫab for the local Lorentz rotations it follows
immediately that also the Lorentz ghost is antisymmetric
θab = −θba . (2.95)
All above ghosts have ghost number one. Further the several symmetry operations are then
expressed by a nilpotent anticommuting operator s which is called the BRST operator
s = sD + sL + sW . (2.96)
The BRST operator increase the ghost number by one. The BRST transformations of the
ghosts are constructed in a way that all transformations are nilpotent. For all the basic fields
mentioned so far one has now the following BRST transformations
sϕ = −ξλ∂λϕ− N − 2
2
σϕ ,
seaµ = θ
a
be
b
µ − ξλ∂λeaµ − (∂µξλ)eaλ + σeaµ ,
sEµa = −θbaEµb − ξλ∂λEµa + (∂λξµ)Eλa − σEµa ,
sωabµ = −∂µθab + θacωcbµ − θcbωacµ − ξλ∂λωabµ − (∂µξλ)ωabλ ,
sAµ = −ξλ∂λAµ − (∂µξλ)Aλ − ∂µσ ,
sT aµν = θ
a
bT
b
µν − ξλ∂λT aµν − (∂µξλ)T aλν − (∂νξλ)T aµλ + σT aµν ,
sRabµν = θ
a
cR
c
bµν − θcbRacµν − ξλ∂λRabµν − (∂µξλ)Rabλν − (∂νξλ)Rabµλ ,
sFµν = −ξλ∂λFµν − (∂µξλ)Fλν − (∂νξλ)Fµλ , (2.97)
and
sξµ = −ξλ∂λξµ ,
sθab = θ
a
cθ
c
b − ξλ∂λθab ,
sσ = −ξλ∂λσ , (2.98)
implying the nilpotency of the BRST operator
s2 = 0 . (2.99)
3Both, for the parameter of diffeomorphisms and for the diffeomorphism ghost, we use the same symbol.
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Furthermore the BRST operator commutes with the partial derivative
[s, ∂µ] = 0 . (2.100)
More generally, the consistent treatment of any gauge field model demands to fix the
gauge, in order to guarantee the existence of the corresponding gauge field propagator. This
is achieved with a Lagrange multiplier field B, which forms together with an antighost field
c¯ a so-called BRST-doublet
sc¯ = B ,
sB = 0 . (2.101)
The dependence of this BRST-doublet within the cohomological problem (1.11) is managed
by a useful theorem [25] showing its triviality.
2.4 Differential forms
For the sake of clarity and completeness, this section is devoted to give a brief review of
some properties and definitions of the well-known and useful formalism of differential forms.
Differential forms simply provide an exceedingly compact notation for vectors and tensors
on an arbitrary manifold.
A scalar function f(x) is called a zero form. One defines the differential of the zero form
f as the one form
df ≡ ∂f
∂xµ
dxµ , (2.102)
where in N dimensions the index µ runs from 1 to N . Thus, the exterior derivative d can
be written as
d ≡ dxµ∂µ , (2.103)
which increases the form degree by one and which is a nilpotent operator
d2 = 0 . (2.104)
The nilpotency of d is automatically guaranteed because of the vanishing commutator of two
partial derivatives
[∂µ, ∂ν ] = 0 . (2.105)
Given a vector function φµ one constructs the one form φ as follows:
φ ≡ φµdxµ . (2.106)
The exterior derivative d of the one form (2.106) is defined as
dφ =
1
2
(∂µφν − ∂νφµ)dxµ ∧ dxν , (2.107)
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where the so-called wedge product is given by
dxµ ∧ dxν = −dxν ∧ dxµ . (2.108)
Therefore, dφ gives the curl of φ.
In general, given a completely antisymmetric tensor with p indices ωµ1µ2...µp one defines
a p-form as
ω =
1
p!
ωµ1µ2...µpdx
µ1 ∧ dxµ2 ∧ ... ∧ dxµp . (2.109)
Clearly, in N dimensions, one cannot have p-forms with p ≥ N which do not vanish identi-
cally. In order to simplify the notation, one omits the wedge product symbol and one simply
regards dxµ as an anticommuting Grassmann object.
To illustrate the use of forms, we look at the Yang-Mills theory, where the gauge field is
the one form
A = Aµdx
µ . (2.110)
Remark, that here Aµ = A
a
µλ
a with generators λa, and so A is at the same time a form and
a matrix. The curvature associated with the one form A is a two form:
F = dA+ AA . (2.111)
Then the Bianchi identity, expressed in terms of forms, is nothing but the nilpotency of d
dF = (dA)A− A(dA) , (2.112)
[A, F ] = A(dA)− (dA)A . (2.113)
With the definition of the covariant derivative one has
DF = dF + [A, F ] = 0 . (2.114)
Now we can reformulate the results of the previous sections in the calculus of differential
forms. The corresponding basic fields are given by the one forms (ea, ωab, A), e
a, ωab, and A
being respectively the vielbein, the Lorentz connection, and the Weyl gauge field
ea = eaµdx
µ ,
ωab = ω
a
bµdx
µ = ωabme
m ,
A = Aµdx
µ = Ame
m , (2.115)
and the two forms (T a, Rab, F ), T
a, Rab, and F denoting the torsion, the Riemann tensor,
and the Weyl curvature
T a =
1
2
T aµνdx
µdxν = dea + ωabe
b + Aea = Dea ,
Rab =
1
2
Rabµνdx
µdxν = dωab + ω
a
cω
c
b ,
F =
1
2
Fµνdx
µdxν = dA , (2.116)
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where
D = d+ ω + A (2.117)
is the covariant derivative (2.88). The remaining zero form fields are the scalar field ϕ, the
ghost field for diffeomorphisms ξµ, the Lorentz ghost field θab, and the Weyl ghost field σ.
From eq.(2.116) one easily obtains the Bianchi identities
DT a = dT a + ωabT
b + AT a = Rabe
b + Fea,
DRab = dR
a
b + ω
a
cR
c
b − ωcbRac = 0 ,
DF = dF = 0 . (2.118)
Furthermore, one has the anticommutator relation
{s, d} = sd+ ds = 0 . (2.119)
3 Maurer-Cartan horizontality conditions
The aim of this section is to derive the given set of BRST transformations, defined by
the eqs.(2.97)-(2.98), from Maurer-Cartan horizontality conditions [18, 20]. In a first step
this geometrical formalism is used to discuss the simpler case of non-abelian Yang-Mills
theory [39].
3.1 Yang-Mills case
The BRST transformations of the one form gauge connection Aa = Aaµdx
µ and the zero form
ghost field ca are given by
sAa = dca + fabccbAc ,
sca =
1
2
fabccbcc , (3.1)
with
s2 = 0 , (3.2)
where fabc are the structure constants of the corresponding gauge group4. As usual, the
adopted grading is given by the sum of the form degree and of the ghost number. In this
sense, the fields Aa and ca are both of degree one, their ghost number being respectively
zero and one. A p-form with ghost number q will be denoted by Ωqp, its total grading being
(p+ q). The two form field strength F a is given by
F a =
1
2
F aµνdx
µdxν = dAa +
1
2
fabcAbAc , (3.3)
4Notice that here the indices a, b, c, ... are denoting the gauge group indices.
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and
dF a = fabcF bAc , (3.4)
is its Bianchi identity. In order to reinterpret the BRST transformations (3.1) as a Maurer-
Cartan horizontality condition we introduce the combined gauge-ghost field
A˜a = Aa + ca , (3.5)
and the generalized nilpotent differential operator
d˜ = d− s , d˜2 = 0 . (3.6)
Notice that both A˜a and d˜ have degree one. The nilpotency of d˜ in (3.6) just implies the
nilpotency of s and d, and furthermore fulfills the anticommutator relation (2.119).
Let us introduce also the degree-two field strenght F˜ a:
F˜ a = d˜A˜a +
1
2
fabcA˜bA˜c , (3.7)
which, from eq.(3.6), obeys the generalized Bianchi identity
d˜F˜ a = fabcF˜ bA˜c . (3.8)
The Maurer-Cartan horizontality condition reads then
F˜ a = F a . (3.9)
Now it is very easy to check that the BRST transformations (3.1) can be obtained from the
horizontality condition (3.9) by simply expanding F˜ a in terms of the elementary fields Aa
and ca and collecting the terms with the same form degree and ghost number. In addition,
we remark also the equality leading to the generalized Bianchi identity
d˜F˜ a − fabcF˜ bA˜c = dF a − fabcF bAc = 0 . (3.10)
3.2 Gravitational case with Weyl symmetry
To write down the gravitational Maurer-Cartan horizontality conditions for the model de-
scribed in the previous section one introduces a further ghost, as done in [18, 20], the local
translation ghost ηa having ghost number one and tangent space indices. As explained
in [20], the field ηa represents the ghost of local translations in the tangent space. See also
the discussion of [40] based on an affine approach to gravity.
The local translation ghost ηa can be related [20] to the ghost of local diffeomorphism ξµ
by the relation
ξµ = Eµa η
a , ηa = ξµeaµ , (3.11)
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where Eµa denotes the inverse of the vielbein e
a
µ, i.e.
eaµE
µ
b = δ
a
b ,
eaµE
ν
a = δ
ν
µ . (3.12)
Proceeding now as for the Yang-Mills case, one defines the nilpotent differential operator d˜
of degree one:
d˜ = d− s , (3.13)
and the generalized vielbein-ghost field e˜a, the extended Lorentz connection ω˜ab, and the
generalized Weyl gauge field A˜
e˜a = ea + ηa ,
ω˜ab = ω̂
a
b + θ
a
b ,
A˜ = Â + σ , (3.14)
where ω̂ab and Â are given by
ω̂ab = ω
a
bme˜
m = ωab + ω
a
bmη
m ,
Â = Ame˜
m = A+ Amη
m , (3.15)
with the zero forms ωabm
5 and Am defined by the expansion of the zero form connection ω
a
bµ
and the zero form Weyl gauge field Aµ in terms of the vielbein e
a
µ, i.e.:
ωabµ = ω
a
bme
m
µ ,
Aµ = Ame
m
µ . (3.16)
As it is well-known, the last formulas stem from the fact that the vielbein formalism allows
to transform locally the space-time indices of an arbitrary tensor Nµνρσ... into flat tangent
space indices Nabcd... by means of the expansion
Nµνρσ... = Nabcd...eaµebνecρedσ... . (3.17)
Vice versa one has
Nabcd... = Nµνρσ...EµaEνbEρcEσd ... . (3.18)
According to eqs.(2.116), the generalized torsion field, the generalized Riemann tensor, and
the generalized Weyl curvature are given by
T˜ a = d˜e˜a + ω˜abe˜
b + A˜e˜a = D˜e˜a ,
R˜ab = d˜ω˜
a
b + ω˜
a
cω˜
c
b ,
F˜ = d˜A˜ , (3.19)
and are easily seen to obey the generalized Bianchi identities
D˜T˜ a = d˜T˜ a + ω˜abT˜
b + A˜T˜ a = R˜abe˜
b + F˜ e˜a ,
D˜R˜ab = d˜R˜
a
b + ω˜
a
cR˜
c
b − ω˜cbR˜ac = 0 ,
D˜F˜ = d˜F˜ = 0 , (3.20)
5Remark that the zero form ωa
bm
does not possess any symmetric or antisymmetric property with respect
to the lower indices (bm).
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with
D˜ = d˜+ ω˜ + A˜ (3.21)
the generalized covariant derivative.
With these definitions the Maurer-Cartan horizontality conditions for gravity (with non-
vanishing torsion) in the presence of a scalar field may be expressed in the following way: e˜
and all its generalized covariant exterior differentials can be expanded over e˜ with classical
coefficients,
e˜a = δab e˜
b ≡ horizontal , (3.22)
T˜ a(e˜, ω˜) =
1
2
T amn(e, ω)e˜
me˜n ≡ horizontal , (3.23)
R˜ab(ω˜) =
1
2
Rabmn(ω)e˜
me˜n ≡ horizontal , (3.24)
F˜ (A˜) =
1
2
Fmn(A)e˜
me˜n ≡ horizontal , (3.25)
D˜ϕ = (Dmϕ)e˜
m = (∂mϕ− N − 2
2
Amϕ)e˜
m ≡ horizontal . (3.26)
Through eq.(3.17), the zero forms T amn, R
a
bmn, and Fmn are defined by the vielbein expansion
of the two forms of the torsion, the Riemann tensor, and the Weyl curvature of eq.(2.116),
T a =
1
2
T amne
men ,
Rab =
1
2
Rabmne
men ,
F =
1
2
Fmne
men , (3.27)
and the zero form of the covariant derivative Dm is given by (see also later)
D = emDm . (3.28)
Notice also that eqs.(3.15) are nothing but the horizontality conditions for the Lorentz con-
nection and the Weyl gauge field expressing the fact that ω̂ and Â themselfs can be expanded
over e˜.
Eqs.(3.22)-(3.26) define the Maurer-Cartan horizontality conditions for the gravitational
case in the presence of scalar fields and, when expanded in terms of the elementary fields
(ea, ωab, A, η
a, θab, σ), give the nilpotent BRST transformations corresponding to the diffeo-
morphism transformations, the local Lorentz rotations, and the Weyl transformations.
For a better understanding of this point let us first discuss in detail the horizontality
conditions (3.26) for the scalar field and (3.23) for the torsion. Making use of eqs.(3.13),
(3.14), (3.15) and of the definition (3.19), one verifies that eq.(3.26) gives
dϕ− sϕ− N − 2
2
Aϕ− N − 2
2
Amη
mϕ− N − 2
2
σϕ = (Dmϕ)e
m + (Dmϕ)η
m , (3.29)
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and eq.(3.23) leads to
dea − sea + dηa − sηa + ωabeb + θabeb
+ ωabη
b + θabη
b + ωabmη
meb + ωabmη
mηb
+ Aea + Amη
mea + σea + Aηa + Amη
mηa + σηa
=
1
2
T amne
men + T amne
mηn +
1
2
T amnη
mηn , (3.30)
from which, collecting the terms with the same form degree and ghost number, one easily
obtains the BRST transformations for the scalar field ϕ, the vielbein ea, and for the ghost
ηa:
sϕ = −ηm∂mϕ− N − 2
2
σϕ ,
sea = dηa + ωabη
b + θabe
b + ωabmη
meb + Amη
mea + σea
+ Aηa − T amnemηn ,
sηa = θabη
b + ωabmη
mηb + Amη
mηa + σηa − 1
2
T amnη
mηn . (3.31)
These equations, when rewritten in terms of the variable ξµ of eq.(3.11), take the more
familiar forms (see eqs.(2.97))
sϕ = −ξλ∂λϕ− N − 2
2
σϕ ,
seaµ = θ
a
be
b
µ + Lξeaµ + σeaµ ,
sξµ = −ξλ∂λξµ , (3.32)
where Lξ denotes the ordinary Lie derivative along the direction ξµ, i.e.
Lξeaµ = −ξλ∂λeaµ − (∂µξλ)eaλ . (3.33)
It is now apparent that eq.(3.31) represents the tangent space formulation of the usual
BRST transformations corresponding to local Lorentz rotations, diffeomorphisms, and Weyl
transformations for the scalar field ϕ, the one form vielbein field ea, and the zero form
translation ghost field ηa.
One sees then that the Maurer-Cartan horizontality conditions (3.22)-(3.26) together
with eq.(3.19) carry in a very simple and compact form all the informations concerning
the symmetry content with respect to the BRST formalism. It is quite easy indeed to
expand eqs.(3.22)-(3.26) in terms of ea and ηa and work out the BRST transformations of
the remaining fields (ωab, A, R
a
b, T
a, F, ...).
However, in view of the fact that we will use as fundamental variables the zero forms
(ωabm, Am, R
a
bmn, T
a
mn, Fmn) and the one form e
a rather than the one form Lorentz connection
ωab, the one form Weyl gauge field A, and the two forms R
a
b, T
a, and F , let us proceed by
introducing the partial derivative ∂a of the tangent space. According to the formulas (3.17)
and (3.18), the latter is defined by
∂a ≡ Eµa ∂µ , (3.34)
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and
∂µ = e
a
µ∂a , (3.35)
so that the intrinsic exterior differential d becomes
d = dxµ∂µ = e
a∂a , (3.36)
and analogous for the covariant derivative D
D = dxµDµ = e
mDm . (3.37)
The introduction of the operator ∂a and the use of the zero forms (ω
a
bm, Am, R
a
bmn, T
a
mn, Fmn)
and the one form ea allows for a complete tangent space formulation. This step, as we shall
see later, turns out to be very useful in the analysis of the corresponding BRST cohomol-
ogy. Moreover, as one can easily understand, the knowledge of the BRST transformations
of the zero form sector (ωabm, Am, R
a
bmn, T
a
mn, Fmn) together with the expansions (3.16),
(3.27) and the equation (3.31) completely characterize the transformation law of the forms
(ωab, A, R
a
b, T
a, F ).
For completeness, now we will discuss the remaining Maurer-Cartan horizontality con-
ditions and we will derive the BRST transformations of the corresponding fields. From
eq.(3.25) follows
dA− sA + d(Amηm)− s(Amηm) + dσ − sσ
=
1
2
Fmne
men + Fmne
mηn +
1
2
Fmnη
mηn , (3.38)
from which, collecting again the terms with the same form degree and ghost number, one
can read off the BRST transformations for the one form Weyl gauge field A and for the zero
form ghost field σ̂:
sA = dσ̂ − Fmnemηn ,
sσ̂ = −1
2
Fmnη
mηn , (3.39)
where σ̂ is given by the combination
σ̂ = Amη
m + σ . (3.40)
To determine the BRST transformation for the zero form Weyl gauge field Am one needs
the partial derivative of it in the tangent space. This can be found by the definition for the
two form Weyl curvature F (2.116)
dA = F =
1
2
Fmne
men
= d(Ame
m) =
1
2
(∂mAn − ∂nAm)emen + Am(dem) . (3.41)
By inserting the definition of the torsion two form T a (2.116) above equation leads to
∂mAn − ∂nAm = Fmn − AkT kmn − Akωkmn + Akωknm . (3.42)
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With the help of eq.(3.31) one easily finds from eq.(3.39) the BRST transformation of the
zero form Weyl gauge field Am according to
sAm = −ηk∂kAm − θkmAk − ∂mσ − Amσ , (3.43)
and by using the eqs.(3.31), (3.42), and (3.43) one gets the BRST transformation of the
Weyl ghost σ from eq.(3.39)
sσ = −ηk∂kσ . (3.44)
These equations, when rewritten in terms of the variable ξµ, take the form (see eqs.(2.97))
sAµ = −ξλ∂λAµ − (∂µξλ)Aλ − ∂µσ ,
sσ = −ξλ∂λσ . (3.45)
Finally, the Maurer-Cartan horizontality condition for the Riemann tensor (3.24) gives
dωab − sωab + d(ωabmηm)− s(ωabmηm) + dθab − sθab
+ ωacω
c
b + ω
a
cθ
c
b + θ
a
cω
c
b + θ
a
cθ
c
b
+ ωacω
c
bmη
m + ωacmη
mωcb + ω
a
cmη
mωcbnη
n
+ θacω
c
bmη
m + ωacmη
mθcb
=
1
2
Rabmne
men +Rabmne
mηn +
1
2
Rabmnη
mηn , (3.46)
from which the BRST transformations for the one form Lorentz connection field ωab and for
the zero form ghost field θ̂ab are found to
sωab = dθ̂
a
b + θ̂
a
cω
c
b − θ̂cbωac − Rabmnemηn ,
sθ̂ab = θ̂
a
cθ̂
c
b −
1
2
Rabmnη
mηn , (3.47)
where θ̂ab is defined by the combination
θ̂ab = ω
a
bmη
m + θab . (3.48)
The partial derivative of the zero form Lorentz connection ωabm follows from the definition
of the two form Riemann tensor Rab (2.116)
dωab = R
a
b − ωacωcb =
1
2
Rabmne
men − ωacmωcbnemen
= d(ωabne
n) =
1
2
(∂mω
a
bn − ∂nωabm)emen + ωabm(dem) , (3.49)
which leads to
∂mω
a
bn − ∂nωabm = Rabmn − ωacmωcbn + ωacnωcbm − ωabkT kmn
+ ωabkω
k
nm − ωabkωkmn + ωabnAm − ωabmAn . (3.50)
The BRST transformations for the zero form Lorentz connection field ωabm and for the
Lorentz ghost θab are then determined by
sωabm = −ηk∂kωabm − ∂mθab + θacωcbm − θcbωacm − θkmωabk − σωabm , (3.51)
sθab = −ηk∂kθab + θacθcb . (3.52)
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By using the variable ξµ above BRST transformations correspond to (see eqs.(2.97))
sωabµ = −ξλ∂λωabµ − (∂µξλ)ωabλ − ∂µθab + θacωcbµ − θcbωacµ ,
sθab = −ξλ∂λθab + θacθcb . (3.53)
The BRST transformations for the two forms (T a, Rab, F ), the torsion, the Riemann tensor,
and the Weyl curvature, can be worked out from the generalized Bianchi identities (3.20)
sT a = (dT amn)e
mηn − T amnem(dηn) + θabT b + σT a + T amnTmηn
− T amnωmkekηn + ωabkηkT b + ωabT bmnemηn + AkηkT a
− Rabηb −Rabmnemηneb − Fηa − Fmnemηnea , (3.54)
sRab = (dR
a
bmn)e
mηn − Rabmnem(dηn) + θacRcb − θcbRac
− Rabmnωmkekηn + ωackηkRcb − ωcbkηkRac + ωacRcbmnemηn
− ωcbRacmnemηn +RabmnTmηn −RabmnAemηn , (3.55)
sF = (dFmn)e
mηn − Fmnem(dηn) + FmnTmηn
− Fmnωmkekηn − FmnAemηn . (3.56)
To calculate out the corresponding zero forms (T amn, R
a
bmn, Fmn) one needs the partial deriva-
tive in the tangent space of these fields. From the Bianchi identities (2.118) one gets the
complete antisymmetrized relations
∂kT
a
mn + ∂mT
a
nk + ∂nT
a
km = R
a
kmn +R
a
mnk +R
a
nkm
+ δakFmn + δ
a
mFnk + δ
a
nFkm
− ωabkT bmn − ωabmT bnk − ωabnT bkm
+ AkT
a
mn + AmT
a
nk + AnT
a
km
− T alkT lmn − T almT lnk − T alnT lkm
+ T alkω
l
nm + T
a
lnω
l
mk + T
a
lmω
l
kn
− T alkωlmn − T almωlnk − T alnωlkm , (3.57)
∂kR
a
bmn + ∂mR
a
bnk + ∂nR
a
bkm = −ωackRcbmn − ωacmRcbnk − ωacnRcbkm
+ ωcbkR
a
cmn + ω
c
bmR
a
cnk + ω
c
bnR
a
ckm
− RablkT lmn − RablmT lnk −RablnT lkm
+ Rablkω
l
nm +R
a
blnω
l
mk +R
a
blmω
l
kn
− Rablkωlmn − Rablmωlnk −Rablnωlkm
+ 2AkR
a
bmn + 2AmR
a
bnk + 2AnR
a
bkm , (3.58)
∂kFmn + ∂mFnk + ∂nFkm = −FlkT lmn − FlmT lnk − FlnT lkm
+ Flkω
l
nm + Flnω
l
mk + Flmω
l
kn
− Flkωlmn − Flmωlnk − Flnωlkm
+ 2AkFmn + 2AmFnk + 2AnFkm . (3.59)
Inserting eqs.(3.57)-(3.59) into eqs.(3.54)-(3.56) leads to the BRST transformations of the
zero form torsion field T amn, the zero form Riemann tensor R
a
bmn, and the zero form Weyl
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curvature Fmn
sT amn = −ηk∂kT amn + θabT bmn − θkmT akn − θknT amk − σT amn , (3.60)
sRabmn = −ηk∂kRabmn + θacRcbmn − θcbRacmn − θkmRabkn
− θknRabmk − 2σRabmn , (3.61)
sFmn = −ηk∂kFmn − θkmFkn − θknFmk − 2σFmn . (3.62)
These equations, when rewritten in terms of the variable ξµ, take the form (see eqs.(2.97))
sT aµν = −ξλ∂λT aµν − (∂µξλ)T aλν − (∂νξλ)T aµλ + θabT bµν + σT aµν ,
sRabµν = −ξλ∂λRabµν − (∂µξλ)Rabλν − (∂νξλ)Rabµλ + θacRcbµν − θcbRacµν ,
sFµν = −ξλ∂λFµν − (∂µξλ)Fλν − (∂νξλ)Fµλ . (3.63)
Notice that, contrary to the case of the usual space-time derivative ∂µ, the operator ∂a
does not commute with the BRST operator s or with the exterior derivative d due to the
explicit presence of the vielbein ea (see Appendix A for the detailed calculations). One has:
[s, ∂m] = (∂mη
k − θkm − T kmnηn − ωkmnηn + ωknmηn
+ Amη
k − Anηnδkm − σδkm)∂k , (3.64)
and
[d, ∂m] = (T
k
mne
n + ωkmne
n − ωknmen −Amek
+ Ane
nδkm − (∂mek))∂k . (3.65)
Also the commutator of two tangent space derivatives does not vanish
[∂m, ∂n] = −(T kmn + ωkmn − ωknm − Amδkn + Anδkm)∂k . (3.66)
Nevertheless, taking into account the vielbein transformation (3.31), one consistently verifies
that
{s, d} = 0 , d2 = 0 , s2 = 0 . (3.67)
3.3 BRST transformations and Bianchi identities
The last section is devoted to collect, as a summary for the reader, the whole set of BRST
transformations and the Bianchi identities which emerge from the Maurer-Cartan horizon-
tality conditions (3.22)-(3.26) and from eqs.(3.19), (3.20) for each form sector and ghost
number.
• Form sector two, ghost number zero (T a, Rab, F )
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sT a = (dT amn)e
mηn − T amnemdηn + θabT b + σT a + T amnTmηn
− T amnωmkekηn + ωabkηkT b + ωabT bmnemηn + AkηkT a
− Rabηb −Rabmnemηneb − Fηa − Fmnemηnea ,
sRab = (dR
a
bmn)e
mηn − Rabmnemdηn + θacRcb − θcbRac
− Rabmnωmkekηn + ωackηkRcb − ωcbkηkRac + ωacRcbmnemηn
− ωcbRacmnemηn +RabmnTmηn −RabmnAemηn ,
sF = (dFmn)e
mηn − Fmnemdηn + FmnTmηn
− Fmnωmkekηn − FmnAemηn . (3.68)
For the Bianchi identities one has
DT a = dT a + ωabT
b + AT a = Rabe
b + Fea ,
DRab = dR
a
b + ω
a
cR
c
b − ωcbRac = 0 ,
DF = dF = 0 . (3.69)
• Form sector one, ghost number zero (ea, ωab, A)
sea = dηa + ωabη
b + θabe
b + ωabmη
meb + Amη
mea + σea
+ Aηa − T amnemηn ,
sωab = (dω
a
bm)η
m + ωabmdη
m + dθab + ω
a
cmη
mωcb + θ
a
cω
c
b
− ωcbmηmωac − θcbωac − Rabmnemηn ,
sA = (dAm)η
m + Amdη
m + dσ − Fmnemηn . (3.70)
The exterior derivatives of these fields are given by the definitions of the two form field
strengths (2.116)
dωab = R
a
b − ωacωcb ,
dea = T a − ωabeb −Aea ,
dA = F . (3.71)
• Form sector zero, ghost number zero (ϕ, ωabm, Am, T amn, Rabmn, Fmn)
sϕ = −ηm∂mϕ− N − 2
2
σϕ ,
sωabm = −ηk∂kωabm − ∂mθab + θacωcbm − θcbωacm − θkmωabk − σωabm ,
sAm = −ηk∂kAm − θkmAk − ∂mσ − Amσ ,
sT amn = −ηk∂kT amn + θabT bmn − θkmT akn − θknT amk − σT amn ,
sRabmn = −ηk∂kRabmn + θacRcbmn − θcbRacmn − θkmRabkn
− θknRabmk − 2σRabmn ,
sFmn = −ηk∂kFmn − θkmFkn − θknFmk − 2σFmn . (3.72)
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The Bianchi identities (3.69) are projected on the zero form torsion T amn, the zero form
Riemann tensor Rabmn, and on the zero form Weyl curvature Fmn to give
dT amn = (∂kT
a
mn)e
k
= (Rakmn +R
a
mnk +R
a
nkm
+ δakFmn + δ
a
mFnk + δ
a
nFkm
− ωabkT bmn − ωabmT bnk − ωabnT bkm
+ AkT
a
mn + AmT
a
nk + AnT
a
km
− T alkT lmn − T almT lnk − T alnT lkm
+ T alkω
l
nm + T
a
lnω
l
mk + T
a
lmω
l
kn
− T alkωlmn − T almωlnk − T alnωlkm
− ∂mT ank − ∂nT akm)ek ,
dRabmn = (∂kR
a
bmn)e
k
= (−ωackRcbmn − ωacmRcbnk − ωacnRcbkm
+ ωcbkR
a
cmn + ω
c
bmR
a
cnk + ω
c
bnR
a
ckm
− RablkT lmn −RablmT lnk − RablnT lkm
+ Rablkω
l
nm +R
a
blnω
l
mk +R
a
blmω
l
kn
− Rablkωlmn −Rablmωlnk −Rablnωlkm
+ 2AkR
a
bmn + 2AmR
a
bnk + 2AnR
a
bkm
− ∂mRabnk − ∂nRabkm)ek ,
dFmn = (∂kFmn)e
k
= (−FlkT lmn − FlmT lnk − FlnT lkm
+ Flkω
l
nm + Flnω
l
mk + Flmω
l
kn
− Flkωlmn − Flmωlnk − Flnωlkm
+ 2AkFmn + 2AmFnk + 2AnFkm
− ∂mFnk − ∂nFkm)ek . (3.73)
One has also the equations
dωabm = (∂nω
a
bm)e
n
= −(Rabmn − ωacmωcbn + ωacnωcbm
− ωabkT kmn + ωabkωknm − ωabkωkmn
+ ωabnAm − ωabmAn − ∂mωabn)en ,
dAm = (∂nAm)e
n
= −(Fmn −AkT kmn −Akωkmn
+ Akω
k
nm − ∂mAn)en . (3.74)
• Form sector zero, ghost number one (ηa, θab, σ)
The BRST transformations for the ghost fields are given by
sηa = θabη
b + ωabmη
mηb + Amη
mηa + σηa − 1
2
T amnη
mηn ,
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sθab = θ
a
cθ
c
b − ηk∂kθab ,
sσ = −ηk∂kσ . (3.75)
• Commutator relations for the tangent space derivative ∂m
The following commutator relations are valid:
[s, ∂m] = (∂mη
k − θkm − T kmnηn − ωkmnηn + ωknmηn
+ Amη
k − Anηnδkm − σδkm)∂k ,
[d, ∂m] = (T
k
mne
n + ωkmne
n − ωknmen
− Amek + Anenδkm − (∂mek))∂k , (3.76)
and
[∂m, ∂n] = −(T kmn + ωkmn − ωknm − Amδkn + Anδkm)∂k . (3.77)
• Algebra between s and d
From the above transformations it follows:
s2 = 0 , d2 = 0 , (3.78)
and
{s, d} = 0 . (3.79)
Let us conclude this section by making two remarks. The first one concerns the role
played by the torsion T in the BRST transformations. We emphasize that, as one can see
from eqs.(3.68)-(3.75), a fully tangent space formulation of the gravitational algebra can be
obtained only when the torsion is explicitly present.
The second remark is related to the use of the variable ηa. Observe that, when expressed
in terms of ηa, the BRST transformation of the vielbein ea in (3.70) starts with a term linear
in the fields (i.e. the term dηa). This feature makes the analogy between gravitational and
gauge theories more transparent. Moreover, it suggests that one may compute the local
cohomology of the gravitational BRST operator s [41] without expanding the vielbein ea
around a flat background, as shown in [16].
4 Descent equations and decomposition
The discussion of invariant Lagrangians and anomalies implies to find non-trivial solutions
of the so-called Wess-Zumino consistency condition [11] formulated in terms of the BRST
transformations
sa = 0 , (4.1)
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where s is the nilpotent BRST operator and a is an integrated local field polynomial in
the space of differential forms [19]. The use of the space of polynomials of forms is not a
restriction on the generality of the solutions of the consistency equation, as recently proven
by M. Dubois-Violette et al. [19]. Non-trivial solutions of (4.1) are given by the descent-
equations technique [16, 18, 19, 24, 25, 42]. Setting
a =
∫
A , (4.2)
condition (4.1) translates into the local equation
sA+ dAˆ = 0 , (4.3)
where A are some local polynomials and d = dxµ∂µ denotes the exterior space-time deriva-
tive. A is said non-trivial if
A 6= sB + dBˆ , (4.4)
with B and Bˆ local polynomials. The volume form (N -form) A with a given ghost number
G is denoted by AGN . The local equation (4.3) reads then
sAGN + dAG+1N−1 = 0 . (4.5)
In this case the integral of A on space-time, ∫ A, identifies a cohomology class of the BRST
operator s and, according to its ghost number G, it corresponds to an invariant Lagrangian
(G = 0) or to an anomaly (G = 1).
By applying the BRST operator s on the local equation (4.5), due to the relations
s2 = d2 = sd+ ds = 0 (4.6)
and to the algebraic Poincare´ Lemma [15, 16]
dΩ = 0 ⇐⇒ Ω = dΩ̂ + dNx L+ const , (4.7)
it follows for the next cocycle
sAG+1N−1 + dAG+2N−2 = 0 , (4.8)
because sAG+1N−1 is not a volume form nor a constant form. It is easily seen that repeated
applications of the operator s generate a tower of descent equations
sAGN + dAG+1N−1 = 0 ,
sAG+1N−1 + dAG+2N−2 = 0 ,
.....
.....
sAG+N−11 + dAG+N0 = 0 ,
sAG+N0 = 0 , (4.9)
which ends with a zero form cocycle AG+N0 .
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The main idea to solve the tower of descent equations (4.9) is based on the fact that the
exterior derivative d can be written as a BRST commutator in the following sense
d = −[s, δ] , (4.10)
where δ is an operator which will be specified later. In general this operator decrease the
ghost number g by one and increase the form degree p by one
δAgp = Ag−1p+1 . (4.11)
4.1 Pure Yang-Mills
In order to elaborate the general idea of solving the tower (4.9) one starts again with the
discussion of the pure Yang-Mills theory, as it was done in a recent paper of S.P. Sorella [26].
For this one introduces the operators δ and G defined by
δ = −Aa ∂
∂ca
+ (F a +
1
2
fabcAbAc)
∂
∂dca
, (4.12)
and
G = −F a ∂
∂ca
+ fabcF bAc
∂
∂dca
. (4.13)
It is easily verified that δ and G are respectively of degree zero and one and that the following
algebraic relations hold:
d = −[s, δ] , (4.14)
2G = [d, δ] , (4.15)
{s,G} = 0 , G = 0 , (4.16)
{d,G} = 0 , [G, δ] = 0 . (4.17)
Notice that the closure of the algebra between d, s and δ requires the introduction of the
operator G. As an example, we discuss the three-dimensional Chern-Simons term, which
is also relevant for the two-dimensional gauge anomaly. In this case the descent equations
read:
sΩ03 + dΩ
1
2 = 0 ,
sΩ12 + dΩ
2
1 = 0 ,
sΩ21 + dΩ
3
0 = 0 ,
sΩ30 = 0 , (4.18)
where Ω30 is the BRST invariant ghost monomial defined by
Ω30 =
1
3!
fabccacbcc . (4.19)
Acting with the operator δ of eq.(4.12) on the last equation of the tower (4.18) one gets
[δ, s]Ω30 + sδΩ
3
0 = 0 , (4.20)
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which, using the decomposition (4.14), becomes
sδΩ30 + dΩ
3
0 = 0 . (4.21)
This equation shows that δΩ30 gives a solution for the cocycle Ω
2
1 in the tower (4.18). Acting
again with δ on the eq.(4.21) and using the algebraic relations (4.14),(4.15) one has
s
δδ
2
Ω30 − GΩ30 + dδΩ30 = 0 . (4.22)
Moreover, with the relations
GΩ30 = sΩ̂12 ,
Ω̂12 = F
aca , (4.23)
eq.(4.22) can be rewritten as:
s(
δδ
2
Ω30 − Ω̂12) + dδΩ30 = 0 . (4.24)
One sees that ( δδ
2
Ω30 − Ω̂12) gives a solution for Ω12 modulo trivial contributions. To solve
completely the tower (4.18) one have to apply once more the operator δ on the eq.(4.24).
After a little algebra one gets:
s(
δδδ
3!
Ω30 − δΩ̂12) + d(
δδ
2
Ω30 − Ω̂12) = 0 , (4.25)
which shows that the cocycle Ω03 can be identified with (
δδδ
3!
Ω30−δΩ̂12). It is apparent then how
repeated applications of the operator δ on the zero form cocycle Ω30 and the use of the operator
G in the tower give in a simple way a solution of the descent equations. Summarizing, the
solution of the descent equations (4.18) is given by
Ω03 =
1
3!
δδδΩ30 − δΩ̂12 , (4.26)
Ω12 =
1
2
δδΩ30 − Ω̂12 , (4.27)
Ω21 = δΩ
3
0 , (4.28)
where
Ω̂12 = F
aca , (4.29)
Ω30 =
1
3!
fabccacbcc , (4.30)
Ω21 = −
1
2
fabcAacbcc = (dca)ca − s(Aaca) , (4.31)
Ω12 =
1
2
fabcAaAbcc − F aca = −(dAa)ca , (4.32)
Ω03 = F
aAa − 1
3!
fabcAaAbAc . (4.33)
One sees then, that (4.32) and (4.33) give respectively the two-dimensional gauge anomaly
(modulo a d-coboundary) and the three-dimensional Chern-Simons term.
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4.2 Gravity with torsion
Now one can apply the same technique to solve with an appropriate decomposition (1.18)
the ladder for the gravitational case. In a first step one neglects the Weyl symmetry to
simplify the matter. For this purpose one defines the operator δ as
δ = −ea δ
δηa
, (4.34)
or in terms of the basic fields
δηa = −ea ,
δφ = 0 for φ = (ϕ, ω, e, R, T, θ) . (4.35)
It is easy to verify that δ is of degree zero and that, together with the BRST operator s, it
obeys the following algebraic relations:
[s, δ] = −d , (4.36)
and
[d, δ] = 0 . (4.37)
One sees from eq.(4.36) that the operator δ allows to decompose the exterior derivative d as
a BRST commutator. This property, as already shown in [26], gives an elegant and simple
procedure for solving the descent equations (4.9).
The BRST transformations for gravity with torsion but without Weyl transformations
are easily found by setting the corresponding Weyl fields, namely the Weyl gauge field A, the
Weyl ghost σ, and the Weyl curvature F , to zero. Furthermore, for this case one has also to
modify the projected Bianchi identities (3.73) and the commutator relations (3.76)-(3.77).
This leads to the following summarized result:
• Form sector two, ghost number zero (T a, Rab)
sT a = (dT amn)e
mηn − T amnemdηn + θabT b + T amnTmηn
− T amnωmkekηn + ωabkηkT b + ωabT bmnemηn
− Rabηb −Rabmnemηneb ,
sRab = (dR
a
bmn)e
mηn − Rabmnemdηn + θacRcb − θcbRac
− Rabmnωmkekηn + ωackηkRcb − ωcbkηkRac + ωacRcbmnemηn
− ωcbRacmnemηn +RabmnTmηn . (4.38)
For the Bianchi identities one has
DT a = dT a + ωabT
b = Rabe
b ,
DRab = dR
a
b + ω
a
cR
c
b − ωcbRac = 0 . (4.39)
35
• Form sector one, ghost number zero (ea, ωab)
sea = dηa + ωabη
b + θabe
b + ωabmη
meb − T amnemηn ,
sωab = (dω
a
bm)η
m + ωabmdη
m + dθab + ω
a
cmη
mωcb + θ
a
cω
c
b
− ωcbmηmωac − θcbωac − Rabmnemηn . (4.40)
The exterior derivatives of these fields are given by the defintions of the two form field
strengths
dea = T a − ωabeb ,
dωab = R
a
b − ωacωcb . (4.41)
• Form sector zero, ghost number zero (ϕ, ωabm, Rabmn, T amn)
sϕ = −ηm∂mϕ ,
sωabm = −ηk∂kωabm − ∂mθab + θacωcbm − θcbωacm − θkmωabk ,
sT amn = −ηk∂kT amn + θakT kmn − θkmT akn − θknT amk ,
sRabmn = −ηk∂kRabmn + θacRcbmn − θcbRacmn − θkmRabkn − θknRabmk . (4.42)
From the equations (3.73) one gets
dT amn = (∂kT
a
mn)e
k
= (Rakmn +R
a
mnk +R
a
nkm
− ωabkT bmn − ωabmT bnk − ωabnT bkm
− T alkT lmn − T almT lnk − T alnT lkm
+ T alkω
l
nm + T
a
lnω
l
mk + T
a
lmω
l
kn
− T alkωlmn − T almωlnk − T alnωlkm
− ∂mT ank − ∂nT akm)ek ,
dRabmn = (∂kR
a
bmn)e
k
= (−ωackRcbmn − ωacmRcbnk − ωacnRcbkm
+ ωcbkR
a
cmn + ω
c
bmR
a
cnk + ω
c
bnR
a
ckm
− RablkT lmn −RablmT lnk − RablnT lkm
+ Rablkω
l
nm +R
a
blnω
l
mk +R
a
blmω
l
kn
− Rablkωlmn −Rablmωlnk −Rablnωlkm
− ∂mRabnk − ∂nRabkm)ek . (4.43)
In addition, one has also the equation
dωabm = (∂nω
a
bm)e
n
= (−Rabmn + ωacmωcbn − ωacnωcbm
+ ωabkT
k
mn − ωabkωknm + ωabkωkmn + ∂mωabn)en . (4.44)
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• Form sector zero, ghost number one (θab, ηa)
sηa = θabη
b + ωabmη
mηb − 1
2
T amnη
mηn ,
sθab = θ
a
cθ
c
b − ηk∂kθab . (4.45)
• Commutator relations for the tangent space derivative ∂m
The following commutator relations are valid:
[s, ∂m] = (∂mη
k − θkm − T kmnηn − ωkmnηn + ωknmηn)∂k ,
[d, ∂m] = (T
k
mne
n + ωkmne
n − ωknmen − (∂mek))∂k , (4.46)
and
[∂m, ∂n] = −(T kmn + ωkmn − ωknm)∂k . (4.47)
• Algebra between s and d
From the above transformations it follows:
s2 = 0 , d2 = 0 , (4.48)
and
{s, d} = 0 . (4.49)
4.3 Decomposition in the presence of Weyl symmetry
This section is dedicated to the description of the generalization including also the Weyl
symmetry. Analogous to eq.(4.35) one introduces the operator δ defined as
δ = −ea δ
δηa
, (4.50)
or in terms of the basic fields
δηa = −ea ,
δφ = 0 for φ = (ϕ, ω, e, A,R, T, F, θ, σ) . (4.51)
It is easy to verify that δ is of degree zero and that, together with the BRST operator s, it
obeys the same algebraic relations as in the case without Weyl transformations6:
[s, δ] = −d , (4.52)
6Remark that contrary to the previous section now s denotes the full BRST operator defined in Section
3.3.
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and
[d, δ] = 0 . (4.53)
As in the case for gravity with torsion and without Weyl symmetry the algebra is unchanged
and the operator δ allows again the decomposition of the exterior derivative d as a BRST
commutator.
In order to summarize the meaning of the δ-operator one has to take into consideration
the following points:
• In the discussion of non-abelian gauge anomalies without gravity one is enforced to
introduce also an additional operator G in order to have a closed algebra between the
operators d, s, δ, and G. This operator, already present in the work of Brandt et
al. [25], generates together with the BRST operator s a new tower of descent equations
which are easily disentangled by using the general results of the cohomology of s [26].
• The decomposition without the operator G is also present in topological field theo-
ries. In the Chern-Simons theory in three space-time dimensions (quantized in the
Landau gauge or in the axial gauge) the operator δ corresponds to a new linear vector-
supersymmetry, which allows to prove the finiteness of the underlying model in a very
elegant manner [43, 44, 45, 46, 47]. This linear supersymmetry is also present in string
and superstring theory as it was shown recently [48, 49].
• In our present considerations we have now shown that in gravity with torsion (with or
without Weyl symmetry) the G-operator is again absent. The meaning of the operator
G is, up to our knowledge, not yet fully understood. More recently, we have some hints
that also in topological Yang-Mills theory in four space-time dimensions the operator δ
corresponds again to a linear vector-supersymmetry, with a vanishing G-operator [41].
4.4 General solution of the tower
Now one solves explicitely the tower of descent equations for the gravitational case with
and without Weyl symmetry. Therefore, without Weyl symmetry, we expect that for ghost
number G and form degree N , N being the dimension of the space-time, the ΩGN are local
polynomials in the fields (ϕ, ea, ωabm, T
a
mn, R
a
bmnη
a, θab) and their derivatives, whereas for the
case with Weyl symmetry one has to add the Weyl gauge field Am, the corresponding Weyl
ghost σ, the Weyl curvature Fmn, and derivatives of them. The tower of descent equations
is given by
sΩGN + dΩ
G+1
N−1 = 0 ,
sΩG+1N−1 + dΩ
G+2
N−2 = 0 ,
.....
.....
sΩG+N−11 + dΩ
G+N
0 = 0 ,
sΩG+N0 = 0 , (4.54)
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with (ΩG+1N−1, ....,Ω
G+N−1
1 ,Ω
G+N
0 ) local polynomials which, without loss of generality, will be
always considered as irreducible elements, i.e. they cannot be expressed as the product
of several factorized terms. In particular, the ghost numbers G = (0, 1) correspond to an
invariant gravitational Lagrangian and to an anomaly, respectively.
Thanks to the operator δ and to the algebraic relations (4.36)-(4.37), in order to find a
solution of the ladder (4.54) it is sufficient to solve only the last equation for the zero form
ΩG+N0 . It is easy to check that, once a non-trivial solution for Ω
G+N
0 is known, the higher
cocycles ΩG+N−qq , (q = 1, ..., N) are obtained by repeated applications of the operator δ on
ΩG+N0 , i.e.
ΩG+N−qq =
δq
q!
ΩG+N0 , q = 1, ..., N , G = (0, 1) . (4.55)
Therefore, the solution of the last equation of the tower (4.54) is reduced to a problem of local
BRST cohomology instead of a modulo-d one. It is well-known indeed that, once a particular
solution of the descent equations (4.54) has been obtained, i.e. eq.(4.55), the search of the
most general solution becomes essentially a problem of local BRST cohomology.
The complete general solutions of the local cohomological problem
sΩG+N0 = 0 (4.56)
are not yet obtained [41], but it is rather simple to discuss some interesting examples. This
will be done in the next section.
5 Some examples
This section is devoted to apply the previous algebraic setup and to discuss some explicit
examples. Especially, we draw our attention to the cohomological origin of the cosmological
constant, the Einstein Lagrangians, and the generalized curvature Lagrangians. In addition,
we discuss Lagrangians with torsion, Chern-Simons terms and anomalies. In a last step
we investigate the scalar field Lagrangians in the presence of gravity, the Weyl anomalies,
and the Weyl invariant scalar field Lagrangians. The analysis will be carried out for any
space-time dimension, i.e. the Lorentz group will be assumed to be SO(N) with N arbitrary.
Remark that in the following Sections 5.1-5.6 we will discuss the gravitational case with
torsion but without Weyl symmetry. Therefore, in this sections one has to use the BRST
transformations summarized in Section 4.2. In Sections 5.7 and 5.8 also Weyl symmetry is
included, and there one has to use the full BRST transformations of Section 3.3.
5.1 The cosmological constant
The simplest local BRST invariant polynomial which one can define is
ΩN0 =
(−1)N
N !
εa1a2.....aNη
a1ηa2 .....ηaN , (5.1)
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with εa1a2.....aN the totally antisymmetric invariant tensor of SO(N). Taking into account
that in a N -dimensional space-time the product of (N + 1) ghost fields ηa automatically
vanishes, it is easily checked that ΩN0 identifies a cohomology class of the BRST operator,
i.e.
sΩN0 = 0 , Ω
N
0 6= sΩ̂N−10 . (5.2)
For the case G = 0 the zero form cocycle (5.1) corresponds to the invariant Lagrangian Ω0N
Ω0N =
δN
N !
ΩN0 =
1
N !
εa1a2.....aNe
a1ea2 .....eaN , (5.3)
which is easily identified with the SO(N) cosmological constant. One sees thus that the
cohomological origin of the cosmological constant (5.3) relies on the cocycles (5.1). With the
help of Appendix B one can rewrite eq.(5.3) to the more familiar form
Ω0N = e
1.....eN = e dNx . (5.4)
5.2 Einstein Lagrangians
In this case, using the zero form curvature Rabmn, one gets for the cocycle Ω
N
0 (N > 2):
ΩN0 =
1
2
(−1)N
(N − 2)!εa1a2.....aNR
a1a2
mnη
mηnηa3 .....ηaN , (5.5)
to which it corresponds the term
Ω0N =
δN
N !
ΩN0
=
1
2
1
(N − 2)!εa1a2.....aNR
a1a2
mne
menea3 .....eaN
=
1
(N − 2)!εa1a2.....aNR
a1a2ea3 .....eaN . (5.6)
Expression (5.6) is nothing but the Einstein Lagrangian for the case of SO(N). Using the
result given in the Appendix B one gets
Ω0N =
1
2
1
(N − 2)!εa1a2.....aNR
a1a2
mnε
mna3.....aNe1.....eN
=
1
2
eRa1a2mn(δ
m
a1
δna2 − δna1δma2) dNx
= eRmnmn d
Nx = eR dNx . (5.7)
Notice also that for the case of SO(2) the zero form cocycle Ω20
Ω20 =
1
2
εabR
ab
mnη
mηn (5.8)
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turns out to be BRST-exact:
Ω20 = −s(εabωabmηm + εabθab) . (5.9)
As it is well-known, this implies that the two dimensional Einstein Lagrangian
Ω02 = εabR
ab (5.10)
is d-exact, i.e.
Ω02 = d(εabω
ab) . (5.11)
5.3 Generalized curvature Lagrangians
A straightforward generalization of the Einstein Lagrangians (5.6) is to replace any pair of
vielbeins with the two form Rab. Therefore, one gets another set of gravitational Lagrangians
containing higher powers of the Riemann tensor.
To give an example, let us consider the zero form cocycle
Ω2N0 =
1
(2N)!
1
2N
(εa1a2a3a4.....a(2N−1)a(2N)R
a1a2
b1b2
Ra3a4b3b4 .....R
a(2N−1)a(2N)
b(2N−1)b(2N)
)
× (ηb1ηb2ηb3ηb4 .....ηb(2N−1)ηb(2N)) . (5.12)
Using eq.(4.55), for the corresponding invariant Lagrangian one gets
Ω02N =
δ(2N)
(2N)!
Ω2N0
=
1
(2N)!
1
2N
(εa1a2a3a4.....a(2N−1)a(2N)R
a1a2
b1b2
Ra3a4b3b4 .....R
a(2N−1)a(2N)
b(2N−1)b(2N)
)
× (eb1eb2eb3eb4 .....eb(2N−1)eb(2N))
=
1
(2N)!
εa1a2a3a4.....a(2N−1)a(2N)R
a1a2Ra3a4 .....Ra(2N−1)a(2N) . (5.13)
As an explicit example we analyze the case of SO(4) with the cocycle
Ω04 =
1
4!
1
4
εa1a2a3a4R
a1a2
b1b2
Ra3a4b3b4e
b1eb2eb3eb4
=
1
4!
1
4
εa1a2a3a4ε
b1b2b3b4Ra1a2b1b2R
a3a4
b3b4
e d4x
=
1
4!
(RabcdR
cd
ab + 4R
ab
bdR
cd
ca +R
ab
abR
cd
cd) e d
4x
=
1
4!
e(RabcdR
cd
ab − 4RadRda +R2) d4x . (5.14)
Above expression is nothing else but the Euler density [10].
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5.4 Lagrangians with torsion
It is known that, for special values of the space-time dimension N , i.e. N = (4M − 1) with
M ≥ 1, there is the possibility of defining non-trivial invariant Lagrangians which explicitly
contain the torsion [18].
Let us begin by considering first the simpler case of SO(3) (M = 1). By making use of the
zero form T amn, one has for the cocycle Ω
3
0 the following expression
7
Ω30 =
1
2
T amnη
mηnηa , (5.15)
from which one gets the three dimensional torsion Lagrangian
Ω03 =
δ3
3!
Ω30 = −
1
2
T amne
menea = −T aea . (5.16)
We remark that this term, known also as the translational Chern-Simons term, has been
already discussed by several authors [50] and gives rise to interesting gravitational models.
As shown by [50] it can be naturally included together with the three dimensional topological
Chern-Simons term of Deser-Jackiw-Templeton [51] and the cosmological constant into the
Einstein action. The resulting model is characterized by the presence of a massive graviton
moving in a space of constant curvature.
Generalizing to the case of SO(4M − 1) with (M > 1), one finds
Ω4M−10 =
1
2(2M−1)
(Tkm1m2R
k
a1m3m4
Ra1a2m5m6 ....R
a(2M−3)
a(2M−2)m(4M−3)m(4M−2))
× (ηm1ηm2 ....ηm(4M−3)ηm(4M−2)ηa(2M−2)) , (5.17)
which yields the following Lagrangians including also torsion
Ω04M−1 = −
1
2(2M−1)
(Tkm1m2R
k
a1m3m4
Ra1a2m5m6 ....R
a(2M−3)
a(2M−2)m(4M−3)m(4M−2))
× (em1em2 ....em(4M−3)em(4M−2)ea(2M−2))
= −TkRka1Ra1a2 ....R
a(2M−3)
a(2M−2)e
a(2M−2) . (5.18)
Let us also mention the possibility of defining invariant Lagrangians with torsion terms
which are polynomial in T amn. These Lagrangians exist in any space-time dimension and are
easily obtained from the SO(N) zero form cocycle
ΩN0 =
(−1)N
N !
εa1a2.....aNη
a1ηa2 .....ηaNP(T ) , (5.19)
where P(T ) is a scalar polynomial in the torsion as, for instance [52] (see also [53] for
generalization),
P(T ) = T amnTmna . (5.20)
The corresponding invariant Lagrangians containing only torsion are then given by
Ω0N =
δN
N !
ΩN0 =
1
N !
εa1a2.....aNe
a1ea2 .....eaNP(T ) . (5.21)
7Tangent space indices are rised and lowered with the flat metric gab, ηa = gabη
b.
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5.5 Chern-Simons terms and anomalies
For what concerns the Chern-Simons terms and the Lorentz and diffeomorphism anoma-
lies we recall that, as mentioned in the introduction, a systematic analysis based on the
decomposition (4.36) has been recently carried out by [32].
Let us remark, however, that the decomposition found in [32] gives rise to a commutation
relation between the operators δ and d which, contrary to the present case (see eq.(4.37)),
does not vanish (see also Section 4.1). This implies the existence of a further operator G of
degree one which has to be taken into account in order to solve the ladder (4.54).
Actually, the existence of the operator G relies on the fact that the decomposition of the
exterior differential d found in [32] does not take into account the explicit presence of the
vielbein ea and of the torsion T a. It holds for a functional space whose basic elements are
built up only with the Lorentz connection ωab and the Riemann tensor R
a
b, this choice being
sufficient to characterize all known Lorentz anomalies and related second family diffeomor-
phism cocycles [23, 54].
It is remarkable then to observe that the algebra between s, δ, and d gets simpler only
when the vielbein ea and the torsion T a are naturally present. Let us emphasize indeed that
the particular elementary form of the operator δ in eq.(4.35) is due to the use of the tangent
space ghost ηa whose introduction requires explicitly the presence of the vielbein ea.
For the sake of clarity and to make contact with the results obtained in [32], let us discuss
in details the construction of the SO(3) Chern-Simons term. In this case the tower (4.54)
takes the form
sΩ03 + dΩ
1
2 = 0 ,
sΩ12 + dΩ
2
1 = 0 ,
sΩ21 + dΩ
3
0 = 0 ,
sΩ30 = 0 , (5.22)
where, according to eq.(4.55),
Ω21 = δΩ
3
0 ,
Ω12 =
δ2
2!
Ω30 ,
Ω03 =
δ3
3!
Ω30 . (5.23)
In order to find a solution for Ω30 we use the redefined Lorentz ghost
θ̂ab = ω
a
bmη
m + θab , (5.24)
which, from eq.(4.35), transforms as
δθ̂ab = −ωab . (5.25)
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For the cocycle Ω30 one gets then
Ω30 =
1
3
θ̂abθ̂
b
cθ̂
c
a −
1
2
Rabmnη
mηnθ̂ ba , (5.26)
from which Ω21, Ω
1
2, and Ω
0
3 are computed to be
Ω21 = −ωabθ̂ bcθ̂ca +Rabmnemηnθ̂ ba +
1
2
Rabmnη
mηnωba , (5.27)
Ω12 = ω
a
bω
b
cθ̂
c
a − Rabθ̂ ba −Rabmnemηnωba , (5.28)
Ω03 = R
a
bω
b
a −
1
3
ωabω
b
cω
c
a . (5.29)
In particular, expression (5.29) gives the familiar SO(3) Chern-Simons gravitational term.
Finally, let us remark that the cocycle Ω12 of eq.(5.28), when referred to SO(2), reduces to
the expression
Ω12 = −(dωab)θba , (5.30)
which directly gives the two dimensional Lorentz anomaly. Analogous, for the zero form
cocycle Ω50 in SO(5) one gets
Ω50 = −
1
10
θ̂abθ̂
b
cθ̂
c
dθ̂
d
eθ̂
e
a +
1
4
Rabmnη
mηnθ̂ bcθ̂
c
dθ̂
d
a
− 1
4
Rabmnη
mηnRbcklη
kηlθ̂ ca , (5.31)
which leads to the five dimensional Chern-Simons term
Ω05 =
1
10
ωabω
b
cω
c
dω
d
eω
e
a −
1
4
Rabmne
menωbcω
c
dω
d
a
+
1
4
Rabmne
menRbckle
kelωca
=
1
10
ωabω
b
cω
c
dω
d
eω
e
a −
1
2
Rabω
b
cω
c
dω
d
a +R
a
bR
b
cω
c
a . (5.32)
5.6 Scalar field Lagrangians
In order to couple a massless scalar field to gravity without Weyl symmetry one now considers
the following zero form cocycle ΩN0 in a N -dimensional space-time
ΩN0 =
1
2
1
N !
εa1a2.....aNη
a1ηa2 .....ηaN (Dmϕ)(D
mϕ) , (5.33)
where the covariant derivative reduces to the ordinary one
ΩN0 =
1
2
1
N !
εa1a2.....aNη
a1ηa2 .....ηaN (∂mϕ)(∂
mϕ) . (5.34)
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Taking into account the truncated BRST transformation
s(∂mϕ) = −θkm(∂kϕ)− ηk∂k(∂mϕ) , (5.35)
it can be easily checked that ΩN0 is BRST invariant, i.e.
sΩN0 = 0 . (5.36)
For the case G = 0 one gets the invariant Lagrangian Ω0N
Ω0N =
δN
N !
ΩN0 =
1
2
(−1)N
N !
εa1a2.....aNe
a1ea2 .....eaN (∂mϕ)(∂
mϕ) , (5.37)
which is easily recognized to coincide with the SO(N) scalar field Lagrangian
Ω0N =
1
2
dNx e(∂mϕ)(∂
mϕ)
=
1
2
dNx
√
g(∂µϕ)(∂
µϕ) . (5.38)
Notice that above scalar field Lagrangian is invariant under diffeomorphisms and local
Lorentz rotations, but not invariant under Weyl transformations. This case will be studied
in Section 5.8.
5.7 Weyl anomalies
In order to incorporate also the Weyl symmetry we use from now on the full BRST operator
s, defined in Section 3.3. For a better understanding of the matter let us begin by discussing
the simplest case, the Weyl anomaly in SO(2). According to (4.54) we have therefore to
solve the tower
sΩ12 + dΩ
2
1 = 0
sΩ21 + dΩ
3
0 = 0
sΩ30 = 0 , (5.39)
where Ω12 is denoting the corresponding anomaly. For the zero form cocycle Ω
3
0 one has
Ω30 =
1
2
εabη
aηbσR , (5.40)
with R as the Riemann scalar (2.57). One can easy verify with the BRST transformation of
the Riemann scalar R, given by
sR = −ηk∂kR− 2σR , (5.41)
that above cocycle is BRST invariant, i.e.
sΩ30 = 0 . (5.42)
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By using eq.(4.55) one gets the well-known two dimensional Weyl anomaly
Ω12 =
δ2
2!
Ω30
=
1
2
εabe
aebσR , (5.43)
which can be rewritten to the more familiar form (see Appendix B)
Ω12 = eσR d
2x . (5.44)
The second example, which we will discuss now, is the four dimensional Weyl anomaly
in SO(4). One possible zero form cocycle Ω50 is given by
Ω50 =
1
4!
εabcdη
aηbηcηdσR2 , (5.45)
which is BRST invariant, i.e.
sΩ50 = 0 . (5.46)
This leads to the anomaly
Ω14 =
δ4
4!
Ω50
=
1
4!
εabcde
aebecedσR2
= eσR2 d4x . (5.47)
Two further possible zero form cocycles are given by
Ω50 =
1
4!
εabcdη
aηbηcηdσRmnR
mn , (5.48)
and
Ω50 =
1
4!
εabcdη
aηbηcηdσRmnklR
mnkl , (5.49)
where the zero forms Rmn and Rmnkl denoting the Ricci tensor and the Riemann tensor with
indices in the tangent space. The cocycles (5.48) and (5.49) are again BRST invariant:
sΩ50 = 0 . (5.50)
From (5.48) and (5.49) one gets for the corresponding anomalies
Ω14 =
δ4
4!
Ω50
=
1
4!
εabcde
aebecedσRmnR
mn
= eσRmnR
mn d4x , (5.51)
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and
Ω14 =
δ4
4!
Ω50
=
1
4!
εabcde
aebecedσRmnklR
mnkl
= eσRmnklR
mnkl d4x . (5.52)
From the variety of all possible cocycles in higher dimensions we quote only the simplest
example for a zero form cocycle in SO(2N) which has the following form:
Ω2N+10 =
1
(2N)!
εa1a2.....a2Nη
a1ηa2 .....ηa2NσRN . (5.53)
Of course, it can be easily checked that all these cocycles are BRST invariant, i.e.
sΩ2N+10 = 0 . (5.54)
The corresponding 2N -dimensional Weyl anomalies are given by
Ω12N =
δ2N
(2N)!
Ω2N+10
=
1
(2N)!
εa1a2.....a2Ne
a1ea2 .....ea2NσRN
= eσRN d2Nx . (5.55)
5.8 Weyl invariant scalar field Lagrangians
In order to couple a massless scalar field to gravity including also Weyl symmetry we consider
the following zero form cocycle ΩN0 in a N -dimensional space-time
ΩN0 =
1
2
1
N !
εa1a2.....aNη
a1ηa2 .....ηaN (Dmϕ)(D
mϕ) , (5.56)
where now the covariant derivative reduces to the Weyl covariant derivative (2.74)
∇mϕ = ∂mϕ− N − 2
2
Amϕ , (5.57)
and one gets
ΩN0 =
1
2
1
N !
εa1a2.....aNη
a1ηa2 .....ηaN (∇mϕ)(∇mϕ) . (5.58)
Notice, that from eq.(2.75) follows
sw(∇µϕ) = −N − 2
2
σ(∇µϕ) , (5.59)
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where sw denotes only the Weyl symmetry part of the full BRST operator. Therefore, one
obtains for (5.57) the Weyl-BRST transformation
sw(∇mϕ) = sw(Eµm∇µϕ) = −
N
2
σ(∇mϕ) . (5.60)
Taking into account the full BRST transformation (including Weyl symmetry)
s(∇mϕ) = −θkm(∇kϕ)− ηk∂k(∇mϕ)−
N
2
σ(∇mϕ) , (5.61)
it can be easily checked that ΩN0 is BRST invariant, i.e.
sΩN0 = 0 . (5.62)
For the case G = 0 one gets the Weyl invariant Lagrangian Ω0N
Ω0N =
δN
N !
ΩN0 =
1
2
(−1)N
N !
εa1a2.....aNe
a1ea2 .....eaN (∇mϕ)(∇mϕ) , (5.63)
which is easily recognized to coincide with the SO(N) Weyl invariant scalar field Lagrangian
Ω0N =
1
2
dNx e(∇mϕ)(∇mϕ)
=
1
2
dNx
√
g(∇µϕ)(∇µϕ) . (5.64)
Notice that above scalar field Lagrangian is invariant under diffeomorphisms, local Lorentz
rotations, and also invariant under Weyl transformations.
6 The geometrical meaning of the operator δ
Having discussed the role of the operator δ in finding explicit solutions of the descent equa-
tions (4.54), let us turn now to the study of its geometrical meaning. As we shall see, this
operator turns out to possess a quite simple geometrical interpretation which will reveal an
unexpected and so far unnoticed elementary structure of the ladder (4.54).
Let us begin by observing that all the cocycles ΩG+N−pp (p = 0, ..., N) entering the descent
equations (4.54) are of the same degree (i.e. (G+N)), the latter being given by the sum of
the ghost number and of the form degree.
We can collect then, following [31], all the ΩG+N−pp into a unique cocycle Ω̂ of degree
(G+N) defined as
Ω̂ =
N∑
p=0
ΩG+N−pp . (6.1)
This expression, using eq.(4.55), becomes
Ω̂ =
N∑
p=0
δp
p!
ΩG+N0 , (6.2)
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where the cocycle ΩG+N0 , according to its zero form degree, depends only on the set of zero
form variables (ωabm, R
a
bmn, T
a
mn, θ
a
b, η
a) and their tangent space derivatives ∂m. Taking into
account that under the action of the operator δ the form degree and the ghost number are
respectively raised and lowered by one unit and that in a space-time of dimension N a (N+1)-
form identically vanishes, it follows that eq.(6.2) can be rewritten in a more suggestive way
as
Ω̂ = eδΩG+N0 (η
a, θab, ω
a
bm, R
a
bmn, T
a
mn) . (6.3)
Let us make now the following elementary but important remark. As one can see from
eq.(4.35), the operator δ acts as a translation on the ghost ηa with an amount given by
(−ea). Therefor eδ has the simple effect of shifting ηa into (ηa − ea). This implies that the
cocycle (6.3) takes the form
Ω̂ = ΩG+N0 (η
a − ea, θab, ωabm, Rabmn, T amn) . (6.4)
This formula collects in a very elegant and simple expression the solution of the descent
equations (4.54).
In particular, it states the important result that:
To find a non-trivial solution of the ladder (4.54) it is sufficient to replace the
variable ηa with (ηa−ea) in the zero form cocycle ΩG+N0 which belongs to the local
cohomology of the BRST operator s. The expansion of ΩG+N0 (η
a − ea, θab, ωabm,
Rabmn, T
a
mn) in powers of the one form vielbein e
a yields then all the searched
cocycles ΩG+N−pp .
It is a simple exercise to check now that all the invariant Lagrangians and Chern-Simons
terms computed in the previous section are indeed recovered by simply expanding the cor-
responding zero form cocycles ΩG+N0 taken as functions of (η
a − ea).
Let us conclude by remarking that, up to our knowledge, expression (6.4) represents a
deeper understanding of the algebraic properties of the gravitational ladder (4.54) and of
the role played by the vielbein ea and the associated ghost ηa.
7 Conclusion
The algebraic structure of gravity with torsion in the presence of Weyl symmetry has been
analyzed in the context of the Maurer-Cartan horizontality formalism by introducing an
operator δ which allows to decompose the exterior space-time derivative as a BRST com-
mutator. Such a decomposition gives a simple and elegant way of solving the Wess-Zumino
consistency condition corresponding to invariant Lagrangians and anomalies. The same tech-
nique can be applied to the study of the gravitational coupling of Yang-Mills gauge theories
as well as to the characterization of the Weyl anomalies [41].
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Appendices:
Appendix A is devoted to demonstrate the computation of some commutators involving
the tangent space derivative ∂a introduced in Section 3. In the Appendix B one finds the
definition of the determinant of the vielbein in connection with the ε tensor.
A Commutator relations
In order to find the commutator of two tangent space derivatives ∂a, we make use of the fact
that the usual space-time derivatives ∂µ have a vanishing commutator:
[∂µ, ∂ν ] = 0 . (A.1)
From
∂µ = e
m
µ ∂m (A.2)
one gets
[∂µ, ∂ν ] = 0 = [e
m
µ ∂m, e
n
ν∂n]
= emµ e
n
ν [∂m, ∂n] + e
m
µ (∂me
n
ν )∂n − enν (∂nemµ )∂m
= emµ e
n
ν [∂m, ∂n] + (∂µe
k
ν − ∂νekµ)∂k
= emµ e
n
ν [∂m, ∂n] + (T
k
µν − ωknµenν + ωkmνemµ − Aµekν + Aνekµ)∂k
= emµ e
n
ν (T
k
mn + ω
k
mn − ωknm − Amδkn + Anδkm)∂k
+ emµ e
n
ν [∂m, ∂n] , (A.3)
so that
[∂m, ∂n] = −(T kmn + ωkmn − ωknm − Amδkn + Anδkm)∂k . (A.4)
For the commutator of d and ∂m we get
[d, ∂m] = [e
n∂n, ∂m]
= −(∂mek)∂k − en[∂m, ∂n]
= −(∂mek)∂k + en(T kmn + ωkmn − ωknm − Amδkn + Anδkm)∂k , (A.5)
and one has therefore
[d, ∂m] = (T
k
mne
n + ωkmne
n − ωknmen − Amek + Anenδkm − (∂mek))∂k . (A.6)
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Analogously, from
[s, ∂µ] = 0 (A.7)
one easily finds
[s, ∂m] = (∂mη
k − θkm − σδkm)∂k + ηn[∂m, ∂n]
= (∂mη
k − θkm − T kmnηn − ωkmnηn + ωknmηn
+ Amη
k − Anηnδkm − σδkm)∂k . (A.8)
B Determinant of the vielbein and the ε tensor
The definition of the determinant of the vielbein eaµ is given by
e = det(eaµ) =
1
N !
εa1a2.....aNε
µ1µ2.....µNea1µ1e
a2
µ2
.....eaNµN . (B.1)
One can easily verify that the BRST transformation of e reads
se = −∂λ(ξλe) . (B.2)
For the volume element one has
e1.....eN =
1
N !
εa1.....aNe
a1 .....eaN
=
1
N !
εa1.....aNe
a1
µ1
.....eaNµNdx
µ1 .....dxµN
=
1
N !
εa1.....aNε
µ1.....µNea1µ1 .....e
aN
µN
dx1.....dxN
= edNx =
√
gdNx , (B.3)
where g denotes the determinant of the metric tensor gµν
g = det(gµν) . (B.4)
The ε tensor has the usual norm
εa1.....aNε
a1.....aN = N ! , (B.5)
and obeys the following relation under partial contraction of (N − 2) indices
εa1.....aNε
mna3.....aN = (N − 2)!(δma1δna2 − δna1δma2) , (B.6)
and in general the contraction of two ε tensors is given by the determinant of δ tensors in
the following way
εa1.....aNε
b1.....bN =
∣∣∣∣∣∣∣∣∣
δb1a1 δ
b2
a1
..... δbNa1
δb1a2 δ
b2
a2
..... δbNa2
..... ..... ..... .....
δb1aN δ
b2
aN
..... δbNaN
∣∣∣∣∣∣∣∣∣
. (B.7)
51
References
[1] C.N. Yang and R.L. Mills, Phys. Rev. 96 (1954) 191;
[2] S. Glashow and M. Gellman, Ann. Phys. (N.Y.) 15 (1961) 437;
[3] R. Utiyama, Phys. Rev. 101 (1956) 1597;
[4] C. Itzykson and J.-B. Zuber, Quantum field theory, McGraw-Hill 1980;
[5] O. Piguet and A. Rouet, Phys. Rev. 76 (1981) 1;
[6] S.L. Adler, Phys. Rev. 117 (1969) 2426;
[7] J.S Bell and R. Jackiw, Nuovo Cim. 60 (1969) 47;
[8] W.A. Bardeen, Phys. Rev. 184 (1969) 1848;
[9] S.M. Christensen and M.J. Duff, Nucl. Phys. B154 (1979) 301;
M.J. Duff in Twenty Years of the Weyl Anomaly, Talk given at the Salamfest, ICTP,
Trieste, March 1993, CTP/TAMU-06/93;
[10] L. Bonora, P. Pasti and M. Bregola, Class. Quantum Grav. 3 (1986) 635;
[11] J. Wess and B. Zumino, Phys. Lett. B37 (1971) 95;
[12] C. Becchi, A. Rouet and R. Stora, Ann. of Phys. 98 (1976) 287;
[13] J.H. Lowenstein, Phys. Rev. D4 (1971) 2281;
Comm. Math. Phys. 47 (1976) 53;
T.E. Clarke and J.H. Lowenstein, Nucl. Phys. B113 (1976) 109;
[14] Y.-M.P. Lam, Phys. Rev. D6 (1972) 2145;
Phys. Rev. D7 (1973) 2943;
[15] L. Bonora and P. Cotta-Ramusino, Comm. Math. Phys. 87 (1983) 589;
[16] F. Brandt, N. Dragon and M. Kreuzer, Nucl. Phys. B332 (1990) 224;
[17] L. Alvarez-Gaume´ and E. Witten, Nucl. Phys. B234 (1983) 269;
[18] L. Baulieu, Nucl. Phys. B241 (1984) 557;
L. Baulieu and J. Thierry-Mieg, Phys. Lett. B145 (1984) 53;
[19] M. Dubois-Violette, M. Talon and C.M. Viallet, Comm. Math. Phys. 102 (1985) 105;
Phys. Lett. B158 (1985) 231;
Ann. Inst. Henri Poincare´ 44 (1986) 103;
M. Dubois-Violette, M. Henneaux, M. Talon and C.M. Viallet, Phys. Lett. B267 (1991)
81;
M. Henneaux, Comm. Math. Phys. 140 (1991) 1;
M. Dubois-Violette, M. Henneaux, M. Talon and C.M. Viallet, Phys. Lett. B289 (1992)
361;
52
[20] J. Thierry-Mieg, J. Math. Phys. 21 (1980) 2834;
Nuovo Cim. 56A (1980) 396;
Phys. Lett. B147 (1984) 430;
J. Thierry-Mieg, Classical geometrical interpretation of ghost fields and anomalies in
Yang-Mills theory and quantum gravity, Symposium on Anomalies, Geometry, Topology,
pag. 239, edited by W. A. Bardeen and A. R. White, World Scientific, 1985;
[21] G. Bandelloni, Nuovo Cim. 88A (1985) 1;
Nuovo Cim. 88A (1985) 31;
[22] L. Alvarez-Gaume´ and P. Ginsparg, Ann. Phys. (N.Y.) 161 (1985) 423;
[23] L. Bonora, P. Pasti and M. Tonin, J. Math. Phys. 27 (1986) 2259;
[24] F. Langouche, T. Schu¨cker and R. Stora, Phys. Lett. B145 (1984) 342;
R. Stora , Algebraic structure of chiral anomalies; lecture given at the GIFT seminar,
1-8 june 1985, Jaca, Spain; preprint LAPP-TH-143;
J. Manes, R. Stora and B. Zumino, Comm. Math. Phys. 102 (1985) 157;
T. Schu¨cker, Comm. Math. Phys. 109 (1987) 167;
[25] F. Brandt, N. Dragon and M. Kreuzer, Nucl. Phys. B340 (1990) 187;
[26] S. P. Sorella, Comm. Math. Phys. 157 (1993) 231;
[27] E. Guadagnini, N. Maggiore and S. P. Sorella, Phys. Lett. B255 (1991) 65;
C. Lucchesi, O. Piguet and S. P. Sorella, Nucl. Phys. B395 (1993) 325;
[28] D. Birmingham and M. Rakowski, Phys. Lett. B269 (1991) 103;
Phys. Lett. B272 (1991) 217;
Phys. Lett. B275 (1992) 289;
Phys. Lett. B289 (1992) 271;
[29] M. Werneck de Oliveira, M. Schweda and S. P. Sorella, Phys. Lett. B315 (1993) 93;
[30] J. A. Dixon, Comm. Math. Phys. 139 (1991) 495;
[31] S. P. Sorella and L. Tataru, Some Remark on Consistent Anomalies in Gauge Theories,
Ref. TUW 93-15, to appear in Phys. Lett. B;
[32] M. Werneck de Oliveira and S. P. Sorella, Algebraic structure of Lorentz and diffeomor-
phism anomalies, Ref. Sissa 24/93/ep, to appear in Int. Journ. Mod. Phys.;
[33] O. Moritsch, M. Schweda and S.P. Sorella, Algebraic structure of gravity with torsion,
Ref. TUW 93-24, to appear in Class. Quantum Grav.;
[34] S. Okubo, Gen. Relat. Grav. 23 (1991) 599;
Thienel, Gen. Relat. Grav. 25 (1993) 483;
[35] C. Y. Lee and Y. Ne’eman, Phys. Lett. B233 (1989) 286;
53
[36] R.U. Sexl and H.K. Urbantke in Gravitation und Kosmologie, BI-Wiss.-Verlag 1987,
ISBN 3-411-03177-8;
[37] H. Weyl, Math. Zeitschr. 2 (1918) 384;
H. Weyl, Ann. der Phys. 59 (1918) 101;
[38] N. D. Birrell and P. C. W. Davies in Quantum Fields in Curved Space, Cambridge
University Press (1982);
[39] L. Baulieu, Phys. Reports (Review Section of Phys. Letters) 129 (1985) 1-74;
[40] E. Mielke, J. Dermott McCrea, Y. Ne’eman and F. Hehl, Phys. Rev. D48 (1993) 673;
[41] O. Moritsch, M. Werneck de Oliveira, M. Schweda and S. P. Sorella, work in progress;
[42] B. Zumino, Nucl. Phys. B253 (1985) 477;
B. Zumino, Yong-Shi Wu and A. Zee, Nucl. Phys. B239 (1984) 477;
B. Zumino, Chiral anomalies and differential geometry, Les Houches 1983, eds. B.S.
DeWitt and R. Stora, North-Holland Amsterdam 1984;
[43] F. Delduc, F. Gieres and S.P. Sorella, Phys. Lett. B225 (1989) 367;
[44] D. Birmingham, M. Rakowski and G. Thompson, Nucl. Phys. B329 (1990) 83;
[45] F. Delduc, C. Lucchesi, O. Piguet and S.P. Sorella, Nucl. Phys. B346 (1990) 313;
[46] C. Lucchesi, O. Piguet and S.P. Sorella, Nucl. Phys. B395 (1993) 325;
[47] A. Brandhuber, M. Langer, M. Schweda, O. Piguet and S.P. Sorella, Phys. Lett. B300
(1993) 92;
[48] M. Werneck de Oliveira, M. Schweda and S.P. Sorella, Phys. Lett. B315 (1993) 93;
[49] A. Boresch, M. Schweda and S.P. Sorella, Vector supersymmetry of the superstring in
the super-Beltrami parametrization, preprint CERN-TH-7110/93;
[50] P. Baekler, E. W. Mielke and F. W. Hehl, Nuovo Cimento Vol. 107B (1992) 91;
F. W. Hehl, W. Kopczynski, J. D. McCrea and E. W. Mielke, Journ. Math. Phys. 32
(1991) 2169;
[51] S. Deser, R. Jackiw and S. Templeton, Phys. Rev. Lett. 48 (1982) 975;
Ann. Phys. (N.Y.) 140 (1982) 372;
[52] W. Kummer and D. J. Schwarz, Phys. Rev. D10 (1992) 3628;
[53] E. Sezgin and P. Van Nieuwenhuizen, Phys. Rev. D21 (1980) 3269;
[54] L. Bonora, P. Pasti and M. Tonin, Phys. Lett. B149 (1984) 346;
[55] W. A. Bardeen and B. Zumino, Nucl. Phys. B244 (1984) 421;
[56] F. Bastianelli and P. Van Niewenhuizen, Nucl. Phys. B389 (1993) 53;
[57] S. Deser and A. Schwimmer, Phys. Lett. B309 (1993) 279;
54
